COHOMOLOGICAL HASSE PRINCIPLE AND MOTIVIC 
COHOMOLOGY FOR ARITHMETIC SCHEMES 



MORITZ KERZ AND SHUJI SAITO 



Abstract. In 1985 Kazuya Kato formulated a fascinating framework of conjec- 
tures which generahzes the Hasse principle for the Brauer group of a global field 
to the so-called cohomological Hasse principle for an arithmetic scheme X. In 
this paper we prove the prime-to-characteristic part of the cohomological Hasse 
principle. We also explain its implications on finiteness of motivic cohomology 
and special values of zeta functions. 
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Introduction 



Let be a global field, namely a number field or a function field of dimension 
one over a finite field. A fundamental fact in number theory due to Brauer-Hasse- 
Noether and Witt is the Hasse principle for the Brauer group of K, which asserts 
the injectivity of the restriction map: 

(0.1) Br(if) ^ Br(i^„), 

vGPk 

where Pk is the set of places of K and is the completion of K at v?. In 1985 
Kato [K] formulated a fascinating framework of conjectures which generalizes this 
fact to higher dimensional arithmetic schemes X , namely schemes of finite type over 
a finite field or the ring of integers in a number field or a local field. For an integer 
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2 Moritz Kerz and Shuji Saito 

ra > 0, he defined a complex KC^^\X,'L/n'Ij) of Blocli-Ogus type (now called the 
Kato complex oi X): 

(0.2) ^ /7'^+i(x,Z/nZ(a)) A /^"(x, Z/nZ(a - 1)) A ■ • • 

^ ^ H'^{x,Z/nZ{l)) ^ ^ H\x,Z/nZ) 

Here denotes the set of points x G X such that dim{x} = a with the closure 
{x} of X in X, and the term in degree a is the direct sum of the Galois cohomology 
H"'^^{x,Z,/n7j{a)) of the residue fields k(x) for x € ^(a)) where the coefficients 
"LjnTLia) are the Tate twist (see Lemma II. 5p . In case X is the model of a global 
field K (namely X = Spec(Oj<-) for the integer ring Ok of the number field K or 
a smooth projective curve over a finite field with the function field K), the Kato 
complex /s:C(°)(X,Z/nZ) is 



H'^{K,Z/nZ{l)) ^ H\x,Z/nZ) 



which is shown to be isomorphic to the n-torsion part of (jO.ip where the direct 
sum of Br(i^t,) for the infinite places u of X is removed if X = Spec(C'x)- For an 
arithmetic scheme X flat over Spec(0/^), we need modify (|0.2p to get the right Kato 
complex: For a scheme Y of finite type over K or with v G Pk, consider the 
following complex KC^^'^ {Y, Z / nZ) : 

(0.3) ^ ^"+2(x,Z/nZ(a + l)) A i/^+i(x, Z/nZ(a)) A • • • 

■■■ i/3(x,Z/nZ(2)) A ^ H^{x,Z/nZ{l)) , 

where the sum (BxeYf^^^ is put at degree a. For X of finite type over a non-empty 
open subscheme U C Spec(C'i4'), we have the natural restriction maps 

KC(°)(X,Z/nZ)[l] ^ KC(i)(XK,Z/nZ) ^ /i:c(^)(Xi^„, Z/nZ) 

where X/, = X X{/ Spec(L) for L = K and (the degree shift [1] comes from the 
fact X(„_|_x) n Xk = ^(a) with y = Xk)- We define a variant of Kato complex as 

KC{X/U,Z/nZ) = cone[/i:c(°)(X,Z/nZ)[l] ^ KC^^\XK,,Z/nZ)l 

where S[/ denotes the set of w G Pk which do not correspond to closed points of U 
(thus includes the set of all infinite places of K). 

The Kato homology of X (with coefficient in Z/nZ) is defined as 

(0.4) KHaiX,Z/nZ) = Ha{KC{X,Z/nZ)) for a G Z. 

If X is over U C Spec(Oi^) as above, we introduce a variant of the Kato homology: 

(0.5) KHaiX/U,Z/nZ) = Ha{KC{X/U,Z/nZ)) for a G Z. 

These are important invariants that reflects arithmetic nature of X. The Hasse 
principle for the Brauer group of a global field K is equivalent to the vanishing of 
the Kato homology in degree 1 of the model of K. As a generalization of this fact, 
Kato proposed the following conjectures called the cohomological Hasse principle. 
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Conjecture 0.1. Let X be a proper smooth scheme over a finite field. Then 

KHa{X, Z/nZ) =0 fora>0. 

We remark that Geisser |Ge4] defined a Kato complex with integral coefficient for 
X over a finite field, and studied an integral version of Conjecture 10. 1[ 

Conjecture 0.2. Let X be a regular scheme proper and flat over Spec(Ofc) where 
Ok is the ring of integers in a local field. Then 

KHa{X,Z/nZ) =0 fora>0. 

Conjecture 0.3. Let X be a regular scheme proper flat over a non-empty open 
subscheme U C Spec^Ox) where K is a number field. Then 

KHa{X/U, Z/nZ) =0 for a > 0. 

Our main results are the following. 

Theorem 0.4. (Theorem \8.1\) Conjectures \0.1\ and \0.2\ hold if n is invertible on X. 

Theorem 0.5. (Theorem \8.4^ Conjecture \U. °J\ holds if n is invertible on U. 

Indeed we will prove the vanishing of the Kato homology with Q^/Z^-coefficient 
for a fixed prime I invertible on X, and deduce the vanishing of Z/^™'Z-coefficient 
by using the Bloch-Kato conjecture (see Section [7]) recently established by Rost and 
Voevodsky (the whole proof is available in the papers |V1) . |V2| . |SJj . |H W] ) . 

We give few words on the known results on the Kato conjectures (see |Sa31 Sec- 
tion 4] for a more detailed account). Let X be as in the conjectures. The Kato con- 
jectures in case dim(X) = 1 rephrase the classical fundamental facts on the Brauer 
group of a global field and a local field. Kato ^ proved it in case dim(X) = 2. 
He deduced it from higher class field theory proved in |KSj and |Salj . For X of di- 
mension 2 over a finite field, the vanishing of KH2{X,Z/nZ) in Conjecture lU.ll had 
been earlier established in |CTS S] (prime-to-p-part), and by M. Gros [Grj for the 
p-part even before Kato formulated his conjectures. There have been results |Sa2j . 
|CTj . |Swj . [JSlj showing the vanishing of the Kato homology with Q^/Z^-coefficient 
in degree< 3. In [J2] and |JS2j general approaches to Conjecture 10.11 are proposed 
assuming resolution of singularities. Our technique of the proof of Theorem 10.41 is a 
refinement of that developed in |JS2j and it replaces resolution of singularities by a 
recent result of Gabber on a refinement of de Jong's alteration ( |I12| ) . Finally we 
mention the following theorem which will be used in the proof of Theorem 10.51 

Theorem 0.6. (Jannsen) Let Y be a projective smooth variety over a number field 
K. Write lx„ =Y^K where Ky is the completion of K at v G Pk- Then we 
have a natural isomorphism 

Ha{Kd'\Y,<^/Z)) - Ha{Kd'\YK^,Qm for a > 0. 

We now explain some applications of the main theorem 10.41 It turns out that 
the cohomological Hasse principle plays a significant role in the study of motivic 
cohomology of arithmetic schemes X. In this paper we adopt 

Hl,{X,Z{r)) = CW{X,2r-q). 

as the definition of the motivic cohomology of regular X, where the right hand side 
is Bloch's higher Chow group ([BJ, [LeJ and [Gel]). One of the important open 
problems is the conjecture that motivic cohomology of regular arithmetic schemes is 
finitely generated, a generalization of the known finiteness results on the ideal class 
group and the unit group of a number field (Minkowski and Dirichlet), and the group 
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of the rational points on an abelian variety over a number field (Mordell-Weil) . In 
|JS2] it is found that the Kato homology fills a gap between motivic cohomology 
with finite coefficient and etale cohomology of X. Indeed, for a regular arithmetic 
scheme X of dimension d and for an integer n > 0, there is a long exact sequence 

KHq+2{X,'L/nZ) CH'^(X,g;Z/nZ) H^^'^iX^Z/nZid)) 

KHq+i{X, Z/nZ) ^ CH'^(X, q - 1; Z/nZ) ^ ... 

where CH*(X, (7; Z/nZ) is Bloch's higher Chow group with finite coefficient and px 
is the etale cycle map defined in [B], |GL2j . |Le j and [Sat]. Thus, thanks to known 
finiteness results on etale cohomology, the cohomological Hasse principle implies new 
finiteness results on motivic cohomology (see Section [9l). 

We also give an implication of Theorem [03 on a special value of the zeta function 
C,{X, s) of a smooth projective variety X over a finite field. It expresses 

C(X,0)* ■.= \\m C(X,s)-{l-q-') 

by the cardinalities of the torsion subgroups of motivic cohomology groups of X. It 
may be viewed as a geometric analogue of the analytic class number formula for the 
Dedekind zeta function of a number field (see Section [TOl Remark 110. 2p . 

In a forthcoming paper |KeSj . we will give a geometric application of the coho- 
mological Hasse principle to singularities. A consequence is the vanishing of weight 
homology groups of the exceptional divisors of desingularizations of quotient singu- 
larities and radicial singularities. 

Now we sketch the basic structure of the proof of our main theorem. We start 
with an observation in |JSS] that the Kato complex arises from the niveau spectral 
sequence associated to etale homology theory. To explain this more precisely, fix the 
category Cs of schemes separated and of finite type over a fixed base S. Recall that 
a homology theory H = {^Hq^q^^j^ on Cs is a sequence of functors: 

Ha{—) : Cs ^ Ab {Ab is the category of abelian groups) 

which is covariant for proper morphisms and contravariant for open immersion, and 
gives rise to a long exact sequence (called the localization sequence) 

... A Ha{Y) ^ Ha{X) A Ha{U) A Ha-l{Y) ^ • • • 

for a closed immersion i : Y ^ X and the open complement j : U = X — Y ^ X 
where 5 is a connecting homomorphism (see Definition 11.11 for a precise definition). 
Given a homology theory H on Cs, the method of |B0| produces the niveau spectral 
sequence for X £ Cs'- 

(0.6) El,{X) = Ha+b{x) Ha+b{X) with Ha{x) = Ikn Ha{V). 

Here the limit is over all open non-empty subschemes V of the closure {x} of x 
in X. Fundamental examples are the etale homology H = H'^^{—,'L/nL) given in 
Examples 11.41 and 11.81 where S = Spec(A;) for a finite field k or S = Spec(C'fc) for 
the integer ring Ok of a local field. For the spectral sequence (|0.6|) arising from 
the etale homology theory, one has -E^j(X) = for 6 < — 1 and the Kato complex 

KC(o)(X,Z/nZ) is identified up to sign with the complex 

• • • ^ El_,iX) A El_,^_,{X) A ... A El_,iX) A El_,{X). 
In particular we have a natural isomorphism 

KHa(X,Z/nZ) ^ El_^{X) 
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and an edge homomorphism 

4 : H^liiX,Z/nZ) ^ KHa{X,Z/nZ) 

relating the Kato homolgy to the etale homology. 

Now we start from a general homology theory H on Cs, which satisfies the condi- 
tion that for a fixed integer e, we have hi^) = for X G C5 and b < e (this will 
be the case if H is leveled above e, see Definition 11.2^ 1)). We then define the Kato 
homology oi X £ Cs associated to H as 

KHaiX) = El,iX) (aeZ) 

where the right hand side is an E^-term of the spectral sequence ()0.6p arising from 
H. It is an easy exercise to check that the Kato homology 

KH{-) = {KHa{-)}a& 

provides us with a homology theory on Cs equipped with an edge homomorphism 

(0.7) e\ ■■ Ha+eiX) ^ KHa{X) for X e Cs 

which is a map of homology theories in an obvious sense (see Definition II. 1|) . 

In order to prove the Kato conjecture in this abstract setting, we introduce a 
condition on H, called the Lefschetz condition (see Definition 13. ip . In case H is the 
etale homology with Q^/Z^-coefficient: 

H'>\-,Qe/^e) = hm H''\-,Z/n), 

n 

the Lefschetz condition is shown in [JS3j and [SSj . where weight arguments based 
on Deligne's results [Dj play an essential role. 

We now assume that our homology theory H satisfies the Lefschetz condition and 
that for a fixed prime i invertible on S, Ha{X) are ^-primary torsion for all X € Cg 
and a G Z. We also assume S = Spec(A;) for a field k (we will treat the case where 
S = Spec(i?) for a henselian discrete valuation ring R). By induction on d > we 
then prove the following assertion (see the sentence above Lemma l6.6p : 

KC(d): For any X £ Cs with dim{X) < d projective and smooth over k we have 
KHa{X) = for a > L 

One of the key steps in the proof is to show that under the assupmtion of the 
Lefschetz condition, KC(d — 1) implies: 

(*) For X £ Cs projective, smooth and connected of dimension d over k and for 
a simple normal crossing divisor Y ^ X such that one of the irreducible 
components is ample, the composite map 

6a : Ha+e{U) ^ KHa{U) A KHa^l{Y) {U = X-Y) 

is injective for 1 < a < d and surjective for 2 < a, where is the map ()0.7p 
and 9 is a connecting homomorphism in the localization sequence for the 
Kato homology. 

Now we sketch a proof of KC((i — 1) =^ KC((i). For X as above and for a fixed 
element a € KHa{X) with 1 < a < d, we have to show a = 0. It is easy to see that 
there is a dense open subscheme j : U ^ X such that: 

(**) j*{a) is in the image of : Ha+e{U) KHa{U) . 

Suppose for the moment that Y = X — U is a simple normal crossing divisor on X. 
Then one can use a Bertini argument to find a hypersurface section H ^ X such 
that Y L) H is a simple normal crossing divisor. Replace U hy U — U D H and Y by 
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Y U H (note that the condition (**) is preserved by the modification). Consider the 
commutative diagram 

KHa+l{U) KHa{Y) KHa{X) KHa{U) KHa-l{Y) 

Ha+e+l{U) 

where the upper row is the exact locahzation sequence for the Kato homology. The 
condition (*) imphes that 5a is injective and 5a+i is surjective by noting that Y is 
supposed to contain an ample divisor H C X. An easy diagram chase shows that 
a = 0. 

In the general case in which Y ^ X is not necessarily a simple normal crossing 
divisor we use a recent refinement of de Jong's alterations due to Gabber (cf. Re- 
mark 16. 1|) to find an alteration / : X' — )• X of degree prime to I such that the 
reduced part of f~^{Y) is a simple normal crossing divisor on X' which is smooth 
and projective over k. We use intersetion theory to construct a puUback map 

r : KHa{X) ^ KHa{X') 

which allows us to conduct the above argument for f*{a) € KHa{X'). This means 
f*(a) = and taking the pushforward gives deg(/)a = 0. Since deg(/) is prime 
to i and a was supposed to be killed by a power of £, we conclude a = 0, which 
completes the proof of KC(d). 

The most severe technical difficulty which is handled in this paper is the construc- 
tion of the necessary pullback maps on our homology theories, in particular over a 
discrete valuation ring. This problem is solved in Section U] using Rost's version of 
intersection theory and the method of deformations to normal cones. An alternative 
construction using the Gersten conjecture is given in Section [5l 

This work is strongly influenced by discussions with Uwe Jannsen. We would like 
to thank him cordially. 

1. Homology Theory 

Let S be the spectrum of a field or of an excellent Dedekind ring. By Cs we denote 
the category of schemes X/S which are separated and of finite type over S. 
The dimension of an integral X G C5 is defined to be 

dimsiX) = trdeg{k{X)/k{T)) + dim(T), 

where T is the closure of the image of X in S" and dim(r) is the Krull dimension. 
If all irreducible components Xi of X satisfy dim5(Xj) = d we write dim5(X) = d 
and say that X is equidimensional. 

For an integer a > 0, we define as the set of all points x on X with 

dim^dx}) = a, where {x} is the closure of x in X. One can easily check that 
(1.1) XanY = Ya for y locally closed in X. 

In the geometric case, i.e. if S is the spectrum of a field, x € X belongs to X(^a) if 
and only if trdeg;j(K(a;)) = a where k{x) is the residue field of x. 

Definition 1.1. Let Cs^: be the category with the same objects as Cs, but where 
morphisms are just the proper maps in C5. Let Ab be the category of abelian groups. 
A homology theory H = {Ha}a€Z on Cs is a sequence of covariant functors: 

HaH : Cs, ^ Ab 




Ha+e(U) 
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satisfying the following conditions: 

(i) For each open immersion j : V ^ X in Cs, there is a map j* : Ha{X) — > 

Haiy), associated to j in a functorial way. 
{ii) i -.Y ^ X \s a closed immersion in X, with open complement j :V ^ X, 
there is a long exact sequence (called localization sequence) 

... A Ha{Y) ^ Ha{X) A Ha{V) A Ha-l{Y) ^ ■ ■ ■ . 

(The maps d are called the connecting morphisms.) This sequence is func- 
torial with respect to proper maps or open immersions, in an obvious way. 

A morphism between homology theories H and H' is a morphism (p : H ^ H' of 
functors on Cs^, which is compatible with the long exact sequences in (ii). 

Given a homology theory H on Cs, we have the spectral sequence of homological 
type associated to every X € Ob{Cs), called the niveau spectral sequence (cf. [BQj ): 

(1.2) Ei,{X)= ^ Ha+b{x) Ha+b{X) withi/,(x)= \\^Ha{V). 

Here the limit is over all open non-empty subschemes V C {j;}. This spectral 
sequence is covariant with respect to proper morphisms in Cs and contravariant 
with respect to open immersions. 

Definition 1.2. Fix an integer e. 

(1) Let be a homology theory on Cs^,- Then H is leveled above e if for every 
affine regular connected X ^ Cs with d = (i\ms{X) and for a < e we have 

(1.3) Hd+a{X) = 

(2) Let H be leveled above e. For X G Ob{Cs) with d = dim(X), define the 
Kato complex of X by 

KCh{X) : El,{X) ^ eUx) ^ • • • ^ E^^iX), 

where E^^{X) is put in degree a and the differentials are -differentials. 

(3) We denote by KHa{X) the homology group of KCh{X) in degree o and call 
it the Kato homology of X. By ()1.3p . we have the edge homomorphism 

(1.4) e\ ■■ Ha+eiX) ^ KHaiX) = El,{X). 

Remark 1.3. (1) One easily sees that is always an isomorphism and e\ is 
always surjective. 

(2) If H is leveled above e, then the homology theory H = H[—e] given by 
Ha{X) = Ha~e[X) for X G Ob{C) is leveled above 0. Thus we may consider 
only a homology theory leveled above without loss of generality. 

A proper morphism f : X ^ Y and an open immersion j -.V ^ X induce maps 
of complexes 

/, : KCh{X) ^ KCh{Y), j* : KCh{X) ^ KCh{V). 

For a closed immersion i : Z ^ X and its complement j : V ^ X, we have the 
following exact sequence of complexes thanks to (jl.ip 

(1.5) ^ KCh{Z) ^ KCh{X) ^ KCh{V) 0. 
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Example 1.4. Assume S = Spec(A;) with a field k. Fix an algebraic closure k of k 
and let k^^^ be the separable closure of k in k. Let Gk = Gal{k^'^P/k) be the absolute 
Galois group of k. Fix a discrete torsion Gfe-module A viewed as a sheaf on S^f One 
gets a homology theory H = H'^^{—,A) on Cs- 

Hf{X,A) = H-^{X,t,Rf-A) for / : A ^ 5 in Cs. 

Here Rf' is the right adjoint of Rf\ defined in |SGA41 XVIII, 3.1.4]. Sometimes we 
will write H'^{X) for ff^*(A, A) if the coefficient module A is clear from the context. 
We have the following (see |JSSj ). 

Lemma 1.5. Let f : X ^ S be smooth of pure dimension d over S. 

(1) Assume that any element of A is annihilated by an integer prime to ch(fc). 
Then we have 

Ht\X,A) = H'"'--{X,uA{d)). 
Here, for an integer r > 0, we put 

A(r) = hm /*A„ /if with A„ = Ker(A ^ A) 

n 

where the limit is taken over all integers n prime to ch.{k) and fin,x is the 
etale sheaf of n-th roots of unity on X. 

(2) Assume that k is perfect and any element of A is annihilated by a power of 
p = ch(/c) > 0. Then we have 

H^\X,A) = H^''--{X,t,A{d)). 

Here, for an integer r > 0, we put 

A(r) = hm f*An ® T^nf^x,iog[-^] with An = Ker(A A A) 

where Wn^x log logarithmic part of the de Rham- Witt sheaf Wn^\ 

(cf. |I1H I 5.7]j and [— r] means a shift in D^{X^t), the derived category of 
bounded complexes of sheaves on X^f We remark that we use Wn^x log ^''^^V 
for r = dim(A) in this paper. 

By Lemma 11.51 we get for X general 

El,b{X)= ^ H''~\x,A{a)) with i7*(2;,A(a)) = \\m H*{V,A{a)). 

Here the limit is over all open non-empty subschemes V C {x}. 

Now assume that k is finite. Due to the fact cd(A;) = 1 and the affine Lef- 
schetz theorem |SGA4l XIV, 3.1] together with [Sw!, Lemma 2.1], Lemma [1.51 implies 
H^j^^[X,A) = for a < —1 if X is affine smooth connected of dimension d over S. 
Hence H = H^^{—,A) is leveled above —1. The arising complex KCh{X) is written 
as: 

(1-6) ■■■ ® Hl+\x,A{a))^ HUx,A{a-l))^--- 

•••^0 Hl{x, A{1))^ Hiix^A). 

Here the sum over the points A((j) is placed in degree a. In case A = 'LjnTL it is 
identified up to sign with complex ()0.2p thanks to [JSS] . 
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Example 1.6. Assume S = Spec(/c) and Gk and A be as in 11.41 If A is finite, we 
define tlie homology theory H^{—,A) by 

H^{X, A) := Hom(/f,"(X6t, A^), Q/Z) for X G Ob{Cs). 

where A^ = Hom(A, Q/Z) and H^{X^t, —) denotes the cohomology with compact 
support over k defined as 

H^{X^t, — ) = H"'{X^t, — ) 

for any compactification j : X ^ X over k, i.e. X is proper over k and j is an open 
immersion. If A is arbitrary, we put 

H^{X, A) = lim H^{X, F) for X € Ob{Cs) 

F 

where F runs over all finite G^-submodules of A. By Lemma [1.71 below, this homol- 
ogy theory is leveled above 0. 

Lemma 1.7. (1) If X is affine regular connected over S with k perfect and d = 
dim(X), then 

i^f (X, A) H^'-^iXj ,^, A{d))G, for a < d, 

and it vanishes for a < d, where X-^ = X Xj. k and A(d) is defined as in 
Lemma \1.5\ and denotes the coinvariant module by Gk of a Gk-module 
M. 

(2) If k is finite, H^{—,A) shifted by degree 1 coincides with II^^{—,A) in Ex- 
ample \i.4\ 

(3) If k G k' is a purely inseparable field extension there is a canonical pushfor- 
ward isomorphism 

H^{X (8)k k', A) ^ H^iX, A), 

where the left hand side is defined as the dual of the cohomology with compact 
support over k' . 

Proof. We may assume that A is finite. By the Poincare duality for etale cohomology 
and \JSS\ Theorem 2.10 and Remark 2.5 (2)], we have 

H',{Xj:,^,A^) ^ Rom{H''-\X-,,^,A{d)),Q/Z), 

which vanishes for b < dhy the affine Lefschetz theorem |SGA41 XIV, 3.1] and \Sw\ 
Lemma 2.1]. By the Hochschild-Serre spectral sequence this implies H^{X^t, ■^-'^) = 
for 6 < d and H^{X^t,A^) ^ H'^{X^^^^, A"^)^^ . Taking the dual, this implies (1). 
(2) follows from the Poincare duality and |JSS1 Theorem 2.10 and Corollary 2.17] 
together with the Tate duality for Galois cohomology of finite field. (3) follows from 
the canonical pullback isomorphism 

KiX.uA'') ^ H'',{{X ®k fc'k, A^) 

which follows from |SGA4l XVIII 1.2 and XVII 5.2.6]. □ 

In the following example we are in the arithmetic case. 

Example 1.8. In this example, we assume S = Spec(ii) where i? is a henselian 
discrete valuation ring. Let s (resp. r/) be the closed (resp. generic) point of S. 
Let Cjs (1 Cs be the subcategory of separated schemes of finite type over s. Let 
Gs = 7ri(5, r/) with a geometric point rj over rj. Let A be a torsion Gg-module whose 
elements are of order prime to ch(A;), viewed as an etale sheaf on S. One has a 
homology theory H = H^^(—,A) on Cs- 

(1.7) H^'iX,A)=H''-''iX,„R/-Ail)) for / : X ^ 5 in C5, 
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where the Tate twist is defined as in Lemma fLSTl). Note that the restriction of H 



to C/s coincides with the homology theory H^^(—,A) in Example 11.41 The last fact 
follows from the purity isomorphism 



i?"i'A(l) 



A a = 2 
a / 2 



where z : s — )• 5 is the closed immersion. By the absolute purity due to Gabber ([ FG] . 
see also \SS\ Lemma 1.8]), for X & Cs which is integral regular with dims(X) = d, 
we have 

(1.8) Ht\X,A)=Hl^--{X,A{d)). 
By (|1.8p we get for general X G Cs 



xex. 



(a) 



We now assume that k{s) is finite. Due to the fact cd(K(s)) = 1 and Gabber's 
affine Lefschetz theorem [1131 Theoreme 2.4], ()1.8p implies that H = H'^^{—,A) is 
leveled above —1. The arising complex KCh{X) is written as: 

(1-9) ■■■ ® Hl^\x,A{a))^ //^(x,A(a-l))^..- 

...^0 Hl{x,A{l))^ Hi{x,A). 

Here the term ^ is placed in degree a. For A = Z/n this is identified up to sign 
with complex (|U.2p thanks to [JSSj . 

2. Log-Pairs and Configuration complexes 



In this section we revisit the combinatorial study of the homology of log-pairs orig- 
inating from |JS3| . Let the assumption be as in Section [TJ We assume that either 

(G) (geometric case) S = Spec(/c) for a perfect field k, 

(A) (arithmetic case) S = Spec(i?) for a henselian discrete valuation ring R with 
perfect residue field. 

We denote by r] (resp. s) the generic (resp. closed) point of S in the arithmetic case. 

Definition 2.1. We let Sreg C Cs be the following full subcategory: 

• In the geometric case X G Sreg if ^ is regular and projective over S. 

• In the arithmetic case X G Sreg if ^ is regular and projective over 5, and 
letting X^^ denote the union of those irreducible components of X flat over 
S, X^J'^^^ is a simple normal crossing divisor on Xf\ where X^''^^^ is the 
reduced special fibre of X^K 

We let Sre^g denote the subcategory of Sreg of the objects which are irreducible. For 
a closed subscheme T C S {T = S, or the closed point of S in the arithmetic case), 
let Sreg/T (resp. 5*^^^^) denote the subcategory of Sreg (resp. 5^ep of the objects 
whose image in 5" is T. 

Definition 2.2. For X € Sreg, a simple normal crossing divisor 1" on X is admissible 
if one of the following conditions is satisfied: 

• we are in the geometric case, or 



Cohomological Hassc principle and motivic cohomology 



11 



• we are in the arithmetic case, and letting Yi, . . . , be the irreducible com- 
ponents of Y which are flat over S, Yi U • • • U 1^ U -^/'^g^ is a simple normal 
crossing divisor on X-^'. 

Remark 2.3. In the second case of the above definition, 

• y n X-^' is a subdivisor of Yi U • • • U U x/^e^, 

• for all 1 < ii < • • • < is < r, Yij n • • • nli^ S Sreg and flat over S. 

Definition 2.4. We let 5 C C5 be the following full subcategory: X € 5 if either 
X G Sreg Or there exsits a closed immersion X ^ X' such that X' € Sreg and X is 
an admissible simple normal crossing divisor on X' . 

Definition 2.5. 

(1) A log-pair is a couple ^ = {X, Y) where either 

- X G 

Sreg and Y is an admissible simple normal crossing divisor on X , 

- or X G 5 and y = 0. 

(2) Let $ = {X,Y) and <!>' = {X',Y') be log-pairs. A map of log-pairs vr : -> 
$ is a morphism 7: : X' ^ X such that vr(y) C Y. 

(3) We let CP denote the category of log-pairs: The objects and morphisms are 
as defined in (1) and (2). We have a fully faithful functor: 

S^CV ; X ^ (X,0). 

For a log-pair <I> = {X,Y) with X G Sreg we let $ be the log-pair {Y,$). 
This defines a functor CV — )■ CV. 

(3) Let $ = {X, Y) be a lo g-pair with X G Sreg- Let ^ ' — ^ X be a closed 
immersion in S such that $2 = (Z, Z OY) and ^'^ = (X, Y L) Z) are log- 
pairs. Then the sequence in CV 

is called a fiber sequence in CV, where the first (resp. second) map is induced 
by the closed immersion Z X (resp. the identity on X). 

(4) Let <I> = (X, 0) be a log-pair. Let Xi be an irreducible component of X 
and X2 be the union of the other irreducible components of X. Then the 
sequence in CV 

is also called a fiber sequence. Here ^XinX2 = (^1 ^ X2,$) and = 
{Xi ]J X2, 0) (by definition these are log-pairs). 

Next we present a construction which allows us to extend certain functors defined 
a priori only on Sreg fo all log-pairs. It is an elementary version of the construction 
of Gillet and Soule |GS| . Let C^{Ab) be the category of homologically bounded 
complexes of abelian groups. Assume given a covariant functor F : Sreg — ^ C^{Ab) 
such that the natural maps give an isomorphism 

(2.1) F(Xi)eF(X2) 4f(Xi]JX2). 

We now construct in a canonical way a functor F : CV — )• C^{Ab) which satisfies: 

• F maps fibre sequences of log-pairs to fibre sequences in the derived category. 

• For X G Sreg and ^ = (X, 0), F{^) = F{X). 
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For a simplicial object in Sreg 

let TotF(X,) E C''{Ab) be the total complex associated to the double complex 
. . . ^ A A ■ ■ ■ A F{Xo), 

n 

wherea = 

a=0 

For a log-pair <I> = (X, Y) where X G tS^eg and Y is an admissible simple normal 
crossing divisor on X, we set 

F{^) = TotFi(\lY,^X).)[-l] 

where Yj ^ Y (j E J) are the irreducible components of Y and Yj — ?> X), is 
the augmented Cech simplicial scheme associated to the map JJ^ Yj ^ X, which is 
easily seen to be a simplicial object in Sreg- 

For a log-pair $ = (Y, 0) where y G 5 is an admissible simple normal crossing 
divisor on X € Sreg, we set F{^) to be the mapping fiber of the natural map 

F(X)^TotF((]Jy,^X).)[-l] 

jeJ 

It is easy to check that the functor F satisfies the properties stated above. 

In what follows we fix a homology theory H on Cs leveled above e as in Definition 
11.21 We denote the restriction of the Kato complex functor KCh to Sreg by the 
same letter. The construction explained above produces a functor 

'KCh ■■ CV^C\Ab). 



For simplicity of notation we will omit the bar and write KCh{^) = KCh{^)- We 
easily see the following lemma. 

Lemma 2.6. For a log-pair <I> = (X, Y; U) with X G Sreg, there is a natural quasi- 
isomorphism 

KCh{^) ^ KCh{U) 
compatible with fibre sequences of log-pairs. 

We need another type of a Kato complex below. The reduced Kato complex 
of a log-pair <I> = (X, 1") is defined to be the complex KCh{^), where we recall 
$ = (y, 0). For later reference we state the following variant of Lemma 12.61 

Lemma 2.7. For a log-pair <I> = (X, y) with X E Sreg, there is a natural quasi- 
isomorphism 

KCum ^ KCh{Y). 



Next we define the trace map for a Kato complex. For X G 5*g^ we put 
(2.2) Ah(X) := KCh{Tx), where Tx is the image of X in S. 
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The functor Ah : S^^Jg — > C^{Ab) extends naturahy to Sreg via ()2.ip . Now apply the 
bar construction to Ah to get a functor 

A^-.CV^ C\Ah). 

For simplicity of notation we write Ah{^) = Ah{^) for a log-pair $ and call it the 
configuration complex of <^ (with coefficient Ah) ■ We set 

Gai^) :=Ha{AHm- 
We also write Ga{X) = Ga($) for a log pair $ = (X,0). 
For X € 5*g^ with image Tx in S" we have the trace map 

(2.3) KCh{X) ^ KCh{Tx) = Ah{X) 

induced by the proper map X — )■ Tx- By the bar construction, this extends to a 
trace map of complexes for a log-pair 

(2.4) tr$ : KCh{^) ^ A/f(«') 

which is a natural transformation of functors CV C^{Ah). 

If $ = [X,Y] U) we can use Lemma 12.61 to construct a morphism 

(2.5) iiu : KCh{U) ~ KCh{^) Ah{^) 

in the derived category. This induces a homomorphism of homology groups 

(2.6) 7| : KHa{U) ^ Ga($) 

By the Gillet-Soule construction explained above and Lemma 12.61 the following 
diagram is commutative 

KHa{U) KHa-l{Y) 



7$ 



a-1 



Gam Ga-im 

where d is the boundary map arising from the fibre sequence 

6 — > (X,0) 

This fibre sequence implies: 

Lemma 2.8. For a closed subscheme T C S, let it € {— oo,0, 1} be defined as 
follows. If HaiKGniT)) = for all a £ it = —oo. Otherwise 

ir = max{a e Z | Ha{KCH{T)) + 0}. 

For a log-pair $ = (X, y) with X G ^^regjT^ boundary map 

Gam^Ga-im 

is an isomorphism for a > it + 2 and injective for a = ij- + 1- 

Lemma 2.9. For a log-pair ^ = {X,Y), Ga{^) = for a > dim5(X). 

Proof. Evident from the definition. □ 

Lemma 2.10. Let <I> = (X, 0) be a log-pair and q > be an integer. Assume that for 
any Z £ S^^g with dims{Z) < dims{X) the map ()2.3p induces a quasi-isomorphism 

T<gKCHiZ) ^ T<gAHiZ). 

Then tr$ induces a quasi-isomorphism T^qKCni^) ~^ T<qAH{^)- 
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Proof. We prove the lemma by a double induction on the dimension of X and on 
the number of irreducible components of X. Let Xi be an irreducible component of 
X and let X2 be the union of the other irreducible components. The fibre sequence 

with $XinX2 = (-^1 n X2, 0) and ^' = {Xi ]J X2, 0) gives rise to a morphism of fibre 
sequences in the derived category 

where the first and second vertical arrow induce isomorphisms on homology groups 
in degree < q. So the last arrow induces isomorphisms on homology groups in degree 
< g. □ 

3. Lefschetz Condition 



Let the notation be as in the previous section. We introduce the Lefschetz condition 
which will be crucial in the proof of our main theorem in the next section. Roughly, 
the Lefschetz condition for a homology theory H says that for a log-pair {X,Y; U) 
such that an irreducible component of Y is ample, we can calculate Ha+e{U) for 
a < dim(C/) by using the configuration complex introduced in the previous section. 
Below we explain and generalize the arguments given in \JS2\ Lemma 3.4] and |SSj . 
which show that the Lefschetz condition is satisfied for the homology theories (with 
admissible coefficients, see Definition 13. 4p introduced in Section[TJ The use of weight 
arguments is pivotal. 

For a log-pair <I> = {X,Y) with X E Sreg, let 

(3.1) 74 : Ha+e{U) ^ Ga{^) 

be the composition of the maps 7I and which were defined in (|2.6p and (|1.4p . 

Definition 3.1. Let <I> = iX,Y) be a log-pair with X € S^Yg ^^'^ let Tx be its 
image in S. 

(1) <I> is //-clean in degree q for an integer q q < dim5(X) and 7e|, is injective 
for a = (? and surjective for a = g + 1. 

(2) Assume X is irreducible. Then <I> is ample if dims(X) > dims(Tx) and 
there exists a regular closed subscheme Y' of Y such that Y' is a divisor on 
X relatively ample over Tx- 

(3) We say that H satisfies the Lefschetz condition if a log-pair <I> = {X, Y) is 
i/-clean in degree q for all q < dims{X) whenever <^ is ample or dim.s{X) = 
dims(Tx). 

The following Bertini theorem ( [P] , |Gaj , |JS3| ) shows that there are plenty of ample 
log-pairs. 

Theorem 3.2. Let $ = {X,Y) be a log-pair, where X G 5*gg with dims{X) > 
dim5(rx). Fix an invertible sheaf C on X relatively ample over Tx- For a suffi- 
ciently large N > there exists a section of with support Z ^ X such that 
<!>' = {X, Y L) Z) is an ample log-pair. 

Lemma 3.3. Assume that H satisfies the Lefschetz condition. Let T <Z S he a closed 
subscheme. For X G S^rJgjT map KHa{X) KHa{T) induced by the proper 
map X ^ T is an isomorphism for a < dim5(r). 
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Proof. By Remark 11.31^ 1) it suffices to show that the composite map 

Ha+e{X) % KHa{X) ^ KHa{T) 

is an isomorphism for a < dim5(r). Note that the above map is 7e|, for $ = 
(X, 0). Hence, the assertion in case dim5(X) = dim5(r) follows from the Lefschetz 
condition. In case dims(X) > dim5'(r), use the Bertini Theorem 13.21 to choose 
regular divisor Y ^ X relatively ample over T such that ^ = (X, Y; U) forms an 
ample log-pair. From the fiber sequence of log-pairs: 

^ ^, where $y = {Y, 0), ^x = (X, 0), 

we get the following commutative diagram with exact rows 

Ha+l+e{U) Ha+e{Y) Ha+e{X) Ha+e{U) Ha-l+e{Y) 



Ga+im Ga{^Y) Gai^x) Ga^ Ga_l(1>y) 

where for a < dim5(T), the indicated maps are isomorphisms by the Lefschetz 
condition and the induction assumption (note Ga{^x) = Gai^y) = KHa{T)). So 
the five lemma shows that the middle vertical arrow is an isomorphism too. This 
proves the lemma. We note that the above diagram is commutative since the vertical 
maps are the compositions of the maps induced by the natural transformation from 
the homology theory H to the associated Kato homology KH and the maps induced 
by (US}. □ 



In the rest of this section we assume that the base scheme 5 is the spectrum of 
the perfection /c of a finitely generated field or the spectrum of a henselian discrete 
valuation ring R with finite residue field. Let £ be a prime number. The homology 
theory H will be as in one of the examples of Section [1] and we assume k is finite if 
H = H'^^ (geometric case) and H. is invertible va. R\i H = H^^ (arithmetic case). 

Let G = Tri(S,r]) with a geometric generic point r]. The following definition is 
motivated by [J2] . 

Definition 3.4. A finitely generated free Z^-module T with trivial G-action is called 
admissible of weight 0. A finitely generated free Z^-module T with continuous G- 
action is called admissible if there is an exact sequence of free Z^-modules with 
continuous G-actions 

— >T' — >T — >T" — ^ 

such that T' <^i^ Qi is mixed of weights < pDj and T" is admissible of weight 0. A 
torsion Z^-module A with G-action is called admissible if there is an admissible free 
Z^- module T such that A = T Q^/Z^. 

The next theorem comprises results due to Jannsen-Saito jJS2j and Saito-Sato 

EH]. 

Theorem 3.5. Let H^:{—,A) be one of the homology theories defined in Section{l\ 
and S as explained above. Assume A = T Qif^i is an admissible torsion G- 
module as in Definition \3.4\ Then H satisfies the Lefschetz condition. 

Proof. Take an ample log-pair <I> = {X,Y; U) with X G S^e^g. We want to show the 
map 

(3.2) 7e| : Ha+e{U) ^ G,(«>) 

is an isomorphism for a < dims{X). 
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First we treat the homology theory H = H^{—,A) of Example 11.61 over the base 
scheme S = Spec(A:). Recall that H is leveled over e = 0. It follows immediately 
from the definition that for X G Sreg 

(3.3) H^{X,A) ~ H^{S,A) = Ac, and Ah{X) = Ag[0], 

where Aq is the coinvariant of A under G. We now distinguish several cases. For 
X €z Cs smooth over k, put X^ = X x^k with an algebraic closure k of k and write 



H\Xj:,qe/Ze{r)) 



H\X^Mr)) 



\\mH\X^.^,l,f:) i^ch{k) 

n 

\\inW-^{X-^-^,Wnn\_i,g) £ = p:=cHk) 

n 

Imi HHX^^-^, fif:) Qe i + ch(A:) 

n 

Inn H'-'-iX-^ ,^, '^n^x^.iog) ^z, % i = P := ch(A;) 



Case I-l: The desired assertion in case dim5(X) = follows immediately from 
Assume dim5(X) = 1. In view of (|3.3p we are reduced to show that the 
sequence 

(3.4) H?{U, A) A H^{y, A) H^{X, A) 

J/GY(o) 

is exact. For this we may assume without loss of generality that X is geometrically 
connected over k. The assertion is clear except the injectivity on the left. An easy 
computation shows 

(3.5) 0<(2/,A) = ( A)g = ( r^^. «2./^^)g 
y&y y&Yk y<^Yk 

By the reason of weight, the exact sequence ^ T' — > T ^ T" — > in 13.41 induces 
an isomorphism 

(0^)g=(0^"^^. 

On the other hand Lemma 11.71 implies 

(3.6) H?{U,A) = H\U-^ -,,A{1))g = {H\U-^,q,/Z,{l)) T)g 
We claim that the exact sequence in 13.41 induces an isomorphism 

H\U-,^,„A{1))g ^ (Fi(C/^,Q,/Z,(l)) T'% . 

By the claim we can assume without loss of generality that T = T" is admissible of 
weight so that A = (Qi/ZiY with trivial G-action. To show the claim, it suffices to 
prove {H^iUj„Qe/Zi{l))^T')^ = 0. The affine Lefschetz theorem (case £ / ch{k)) 
or |Sw[ Lemma 2.1] (case i = ch(A;)) implies that the natural map 

H\Uj,Ml)) ^ H\Uj,,Qe/Ze{l)) 

is surjective and the claim follows from the vanishing of [H^{U)^,Qi{l)) ^')g' 
We have the exact localization sequence 

where we use jSw^ Theorem 2.5] in case £ = ch(/c). It shows that H^{U^, Q£{1)) is 
mixed of weight —1 and 0, thanks to [DJ in case £ ^ ch.{k) and to [CTSSl p784 (^^^)] 
and [GrSwl Theorem 1.3] in case £ = ch(A;). Since T' is mixed of weight < 0, this 
implies the desired vanishing. 
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Now we show the injectivity of d in ()3.4p assuming A = (Q^/Z^)^ with trivial 
G-action. Consider the exact locahzation sequence 

(3.7) Fi(Xfc,et, A(l)) H\U-,^,„ A{1)) ^ A ^ A ^ 0. 

By the weight argument as before, we get 

(3.8) iH\X-,^,„AmG = 0, 

Bt ()3.5p and ()3.6p . the sequence ()3.7p would give us the desired injectivity, if we 
showed that it stays exact after taking coinvariants. Let M be defined by the short 
exact sequence 

(3.9) O^M ^ 0A^A — >0. 

From (fSTrp and (fSlH]) . we deduce that //^(C/^^^t, A(1))g = Mq. Let iV C G be an 
open normal subgroup which acts trivially on the set Yj,. Since A = (Q^/Z^)*" with 
trivial G-action, N acts trivially on each term of ()3.9p and it splits as a sequence of 
A^-modules. Hence we get the exact sequence 

Fi(G/iV, A) H\U-^^,„m)G ^ (0 A)g ^ Ag ^ 

Since A = (Q^/Z^)^ is divisible, we have Hi{G/N, A) = 0, which finishes the proof 
of Case I-l. 

Case 1-2: Assume d = dim5(X) > 1 and Y is irreducible. In this case it is clear 
from ()3.3p that Ga{^) = for a G Z. On the other hand Lemma 1 1 . 71 implies that 

(3.10) H^{U,A) = H^''~\U-^^,,,A{d))G for a < d 

and it vanishes for a < d. Hence it remains to show vanishing in (j3.10p for a = d. 
The affine Lefschetz theorem (case i ^ ch(/c)) or |Sw^ Lemma 2.1] (case i = ch(fc)) 
implies 

H\Uj,Md)) ^ H\U-k,Qe/Md)), 

is surjective. Hence it suffices to show H'^{Uj^,Qi{d))G = 0. We have the exact 
localization sequence 

■ ■ ■ ^ H^{X-,,Qiid)) H\Uj,, Qeid)) H''-\Y-^. q,[d - 1)) ^ ■ ■ • 

where we use [Swl Theorem 2.5] in case I = ch(fc). It shows that H'^{Ui,^i{d)) is 
mixed of weight —d and —d + 1 < thanks to [D] in case I ^ ch(/c) and to |CTSS[ 
p784 {in)] and [GrSw^ Theorem 1.3] in case t = ch{k). This implies the desired 
vanishing and the proof of Case 1-2 is complete. 

Case 1-3: Assume d = dim5'(X) > 1 and that Y consists of r > 1 irreducible 
components (l^)i<j<r- Let Yy be ample. We use a double induction on the dimension 
d oi X and on the number r of irreducible components of Y ^ which will reduce us 
to Case I-l and Case 1-2. Consider the fibre sequence 

<I>y^ -^"^ ^ 

where = {Yi,Yi n {{Jj>iYj) ■,W) and ^ = {X,VJj>iYj -V). Writing Ha{Z) = 
H^{Z,A) for Z ^ Cs for simplicity, it gives rise to the following commutative dia- 
gram with exact rows 

Ha{W) Ha{V) Ha{U) Ha-l{W) Ha-l{V) 



Gai^Y,) Ga{^) Gam 



Ga-l{^Y,) ^Ga-l{^) 
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The commutativity of the diagram fohows by the same argument as in the last part 
of the proof of Lemma 13.31 For a < d, the indicated maps are isomorphisms by 
our induction assumption and the left vertical map is surjective by our induction 
assumption and Lemma 12.91 Hence a diagram chase shows that the middle vertical 
arrow is bijective. This completes the proof of Theorem 13. 51 for the homology theory 
in Example 11.61 It implies the theorem for the homology theory in Example 11.41 bv 
Lemma ll.7r 3). 

Finally we prove the theorem for the homology theory H = H^^{—,A) in Exam- 
ple 11.81 over the base scheme S = Spec(i?) where i? is a henselian discrete valuation 
ring with finite residue field. Recall that this is leveled over e = — 1. Note that the 
restriction of H on C/g coincides with the homology theory in Example 11.41 where 
C/s C Cs is the subcategory of separated schemes of finite type over the closed point 
s of S. This allows us to deal with (j3.2p only in case X is fiat over S (so that 
Tx = S). We now distinguish some cases. Recall that A is assumed to be ^-primary 
torsion with i invertible on S. 

Case II-l: Assume dim5'(X) = 1. In this case X = Spec(i?') where R' is a 
henselian discrete valuation ring which is finite over R. Let s' (resp. t]') be the 
closed (resp. generic) point of X. Then the log-pair $ = {X, Y) is equal to either 
(X,0) or {X,s';ri'). By definition, Ah{X) = KCh{S) is the complex: 

deg deg 1 

which is acyclic due to the localization exact sequence and the isomorphism 

H^{Sa,m) - H^{sa,m) = for a > 2. 

In case $ = {X,%), this implies Ga($) = Ha{KCH{S)) = for ah a G Z. On the 
other hand we have 

i/f_i(X, A) ^ H^-%X,,,k{l)) ^ i/3-(4, A(l)). 

The last group vanishes for a < 1 because of the fact cd(s') = 1. In case ^ = 
{X,s';r]'), Ah{^) is equal to the complex if^(r/^t, A(l)) put in degree 1, while 

which vanishes for a = 0. For a = 1, the map (j3.2p is identified with the correstriction 
map 

H^T^',,, Ail)) ^H\r^,,, Ail)) 
which is known to be an isomorphism. This proves the desired assertion in this case. 

Case II-2: Assume d := dim5'(X) > 1 and y is a regular flat and relatively 
ample divisor over 5. It is clear that Gai^) = for a G Z. Using duality (|1.8p and 
Da ase change theorem |SSl Lemma 3.4], we conclude that 

(3.11) HtiiU,A) H^''--+\U,uAid)) ^ H^''-''+\Us,6um) 

By the assumption of ampleness of 1", Ug is affine of dimension d—1 over s. Hence 
the last group of (|3.1ip vanishes for a < d because of the affine Lefschetz theorem 
and the fact cd(s) = 1. This proves the desired assertion in this case. 

Case II-3: Finally, to show the general case, we use an induction argument as in 
Case 1-3 to reduce either to Case II-2 or to the geometric case in Example 11.41 over 
the base Spec(A;), where k is the finite residue field of R. 



This completes the proof of Theorem 13.51 



□ 
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4. Fullback Map (First Construction) 



Let the notation be as in Section [3j Let H he a homology theory on the category 
Cs leveled above e. We now introduce a condition for H which plays a crucial role 
in the proof of the main theorem. 

We say that a morphism f : Y ^ X in Cs is embeddable if it factors as 

Y ^ Px ^ X 

where i is an immersion and irx is the base change to X of a smooth morphism 
tt: P^S. 

We now consider the condition: 

(PB): For any embeddable morphism f : X' ^ X between irreducible regular 
schemes in Cs with dims{X') = dim5(X) there exist functorial pullbacks 

/* : HaiX) ^ HaiX') and /* : KHa{X) ^ KHa{X') 

extending the given pullbacks for open immersions and which satisfy the following 
properties: 



(i) The diagram 



Ha+eiX)—^KHaiX) 



r 



r 



Ha+e{X')—^KHa{X') 

commutes. 

(ii) If / is proper and dominant, the composite map 

is multiplication by deg(X'/X). 
The main result of this section is the following: 
Theorem 4.1. All homology theories in the examples in Section{l\ satisfy (PB). 

The theorem will be shown here only in case each element of the coefficient group 
A is killed by an integer invertible on the base scheme S. The general case requires 
completely revisiting Rost's pullback construction [R] in the absence of purity and 
will be explained elsewhere. 

The above theorem is deduced from the following more general statement: 

Theorem 4.2. Assume that H extends to a homology theory with duality, see Def- 
inition Then H satisfies (PB). 



It is an easy routine to verify that the homology theories in the examples in 
Section [1] satisfy the assumption of Theorem 14.21 under the above restriction on 
the characteristic (see Examples 14.51 14.61 and 14. 7p . An alternative shorter proof of 
Theorem 14.11 for the homology H'^^ from Example 11.41 is given in the next section. 

The following definition of homology theory with duality is a combination of the 
notion of a twisted Poincare duality theory, see [BOj and ^Jlj, and of Rost's cycle 
modules [R] . As a general remark we mention that in [R] it is assumed that the base 
is a field. Nevertheless the results that we tranfer from [R] hold over a Dedekind 
ring too. 
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Definition 4.3. A cohomology theory with supports is given by abelian groups 
i?y(X, n) for any closed immersion Y ^ X of schemes in Cs and for any a,n G 
which satisfies the following conditions. For Y = X, HylXju) is simply denoted by 

(1) The groups HyiX^n) are contravariant functorial for Cartesian squares 



X' 

f 



i.e. there exists a pullback /* : HyiX^n) — )• HyiiX' ,n). 

(2) For a closed immersion Y ^ X there is a cup-product 

r(0j^)0F^(X,n) ^H'^+^{X,n + l) 
compatible with pullback. For t G T{0^) we denote the homomorphism 
tU - : H^(X,n) H^+^{X,n + l) 

by the symbol {t}. 

(3) For closed immersions Z ^ Y ^ X there is a long exact sequence 

y HUX,n) H^{X,n) H^^zi^ - Z,n) ^ Hl+\X,n) ^ • • • 

compatible with pullbacks. Note that this implies in particular 
H^{X,n)c^HlJX,n) 

for a closed immersion Y ^ X and the reduced part l^ed of Y . 

(4) Consider a Cartesian diagram 



X' 



Y^ 



X 



such that / is finite and flat and X, X' are regular. Then there is a pushfor- 
ward map 

f^:H^,{X',n) ^ H^{X,n) 

compatible with the localization sequence from ([3]) and such that /* o /* 
equals multiplication by deg(X'/X) if X is connected. 
(5) For closed immersions Z ^Y ^ X and for t £ T{0^) the diagram 



H-_z{X-Z,n) 



m+\x,n) 



{i} 



H-{X,n) 
{t} 



H^t^zi^ - Z,n + l) 



Hl+\X,n + l) 



H^+\X,n + l) 



commutes. 

(6) li Z ^Y ^ X are closed immersions of schemes in C5, such that Y has pure 
codimension c in X and X is regular, then there is a Gysin homomorphism 



Pxx : H%{Y, n) Hp-^^{X, n + c 
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transitive in an obvious sense and such that for closed immersions Z ^ 
Z' ^ Y the diagram 

d 



H-{Y,n) 

Px,Y 



■H-,{Y,n) 

Px,Y 



H-,_z{Y-Z,n) 

Px,Y 



Px,Y 



Hp-^^iX, n + c) H^f^^iX, n + c) H^tlzi^ -Z,n + c) i/^+^c+i^^^ 

commutes. 

(7) If X and Y are regular, the Gysin morphism Px,y is an isomorphism, called 
purity isomorphism. 

(8) For closed immersions Z y X as in (6) and for t S T{0^) the diagram 

H*z{Y,*)^H*z{X,*) 



Pxr 



{t} 



commutes. Here t is the restriction of t to Y. 
(9) Consider Cartesian squares 

(4.1) Z'^ ^Y'^ ^X' 



Z^ 



X. 



with / flat and X, X', y, Y'^^^ regular. Let rfy for 1 < i < r be the maximal 
points of Y' and set m* = length(Oy/ ^i^. Then the diagram 

F|(y,*)-^i/|(x,*) 



Em" (9')* /* 



H*,{X', 



commutes. Here means the induced morphism {ry*} — )• Y. 

(10) Consider Cartesian squares as in ()4.ip with / finite and flat. Then the 
diagram 

H*z,iY',*)-^H*z,{X',*) 

/. /. 

H*z{Y,*)-^H*z{X',*) 
commutes. 

(11) For an equidimensional regular scheme X and t G T{Ox) such that Y := V{t) 
is regular, the diagram 



H''{Y,n) 



H'^iX, n) 



Px.Y 



H''{U,n) 



{t} 



H^+\X,n + l) 
a 

■if'^+i(C/,n+ 1) 



commutes. Here U = X — Y and i : Y ^ X is the closed immersion. 
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Definition 4.4. We say that a homology theory H extends to a homology theory 
with duality if there exists a cohomology theory with supports {X, Y) i-^ HyiX, *) in 
the sense of Definition 14.31 and an integer no such that for a regular equidimensional 
X £ Cs of dimension d there is an isomorphism 

Dx:HaiX)^H^''--{X,d + no) 

with the following properties: 

(1) For a closed immersion of regular schemes Y ^ X and for U = X — Y the 
diagram 

d 



Du 



■H,(Y) 

Dy 



■H^X) 

Dx 



H*{U,*) H* {Y, *) ^ H* {X, *) 

commutes. Here the lower row is a combination of purity in 
localization sequence in l4.3r 3). 
(2) For an open immersion U ^ X of regular schemes in Cs the diagram 



7) and the 



H,{X) — 

Dx 

H*{X,*)- 
commutes. 

(3) If /: X' —7- X is finite and flat and X, X' are regular the diagram 



H*{U, 



H,{X') 
H,{X) - 



D, 



H*{X',*) 



Dx 



f* 



H*iX,*) 



commutes 



The following examples show that the homology theories in the examples in Sec- 
tion [1] extend to homology theories with duality under our assumption on charac- 
teristic. 

Example 4.5. Let S = Spec{k) be the spectrum of a perfect field and fix a G^-module 
A whose elements are of fintie order prime to ch(A;). We define etale homology of 
vr : X — 7- to be 

Ht\X) = H--{X,„R7T'-A) 

and etale cohomology with support in y ^ X to be 

H^{X,n) = H^{X,„A{n)). 

This defines a cohomology theory with support in the sense of Definition 14.31 and 
there is an isomorphism 

Ha{X)?^H^'^-''{X,d) 
for regular equidimensional X of dimension d by |SGA41 XVIII Theorem 3.2.5] . 

Example 4.6. Let S = Spec{k) be the spectrum of the perfection of a finitely gener- 
ated field and fix a finite G^-module A of order prime to ch(fc). Let d^ be the Kro- 
necker dimension of k and d the dimension of X. We define homology of vr : X — >■ 5 
to be 

i/f (X) = Rom{H^{X,t,A^),Qm 
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and cohomology with support in i : y ^ X to be 

H^{X,n) = H^+'^'^^+Hk, RttJ Ri- Ain + dk)) 

where vr^ : Y — t- Spec(A;) is the canonical morphism. For the definition of Galois 
cohomology of k with compact support and for Artin-Verdier duality see Section [TTJ 
If A is a torsion G^-module whose elements are of order prime to ch(A;), we define 
the corresponding homology and cohomology groups as the direct limit over all finite 
submodules. This defines a cohomology theory with support and we get that is 
a homology theory with duality (see Corollary 1 11.4p . 

Example 4.7. Let S = Spec(i?) be the spectrum of a henselian discrete valuation 
ring. Denote by s (resp. r]) the closed (resp. generic) point of S. Fix a unramified 
Gr,-module A whose elements are of finite order prime to ch(A;(s)). Define homology 
of TT : X 5 to be 

ijf(X) = i72--(X^t,iirA(l)) 
and cohomology with support in 1" ^ A" to be 

H^{X,n) = HUX,t,A{n)). 
This defines a cohomology theory with support (see [SSI Lemma 1.8]). 



Assume we are given a homology theory H. Recall that the niveau spectral 
sequence for A G C5 reads 

It has a pushforward morphism induced by a proper morphism of schemes |BO) . On 
the other hand the coniveau spectral sequence for a cohomology theory with support 
reads 

Ef{Y ^X,n)= H^+'{X, n) =^ H^+\X, n) 

for a closed immersion Y ^ X and for n € Z. If a homology theory H extends 
to a homology theory with duality in the sense of Definition 14.41 then the two spec- 
tral sequences are canonically isomorphic up to indexing. For example we have 
isomorphisms for regular A = y of dimension d: 

Ef{X,d + no) = E\_,^^_,{X). 

In order to construct a pullback for Kato homology we will work with cohomology 
theories with support. Our next definition makes the term 'morphism of coniveau 
spectral sequences' precise. 

Definition 4.8. For A, y G C5 a morphism of coniveau spectral sequences 

f:X ^ Y 

(of degree (aO)^0)"io) and level t > 1) is given by the following data: 
(i) For r >t there are homomorphisms 

fr : E^'^iX, n) E^+^^'^+^'^iY, n + mo) 

such that the following diagram is commutative 

E-\x,n) '-''^'^'''^ : £;^-^-^+^(A,n) 



fr 



fr 



^a+ao,b+bo^Y, n + mo) ^ ^a+r+ao,b-r+l+bo ^y, n + mo) 
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and such that fr+i and fr are compatible with respect to the diagram, 
(ii) There are homomorphisms 

ftot : H-+'{X, n) H^+b+ao+bo (y^ „ + 
compatible with the limit homomorphisms 

In the following we give some examples of morphisms of coniveau spectral se- 
quences. 

Flat puUback: For a flat morphism / : K — )• X of schemes in Cs it is shown in 
[BO] that there arises from I4.3T 1) a morphism of coniveau spectral sequences 

f* : X ^ - Y 

of degree (0,0,0) and level 1. 

Cup-Product: Let X be in Cs- By taking cup-product with an element t € T{0^) 
(cf. I4.3r 2)). we get a morphism of coniveau spectral sequences 

{t} : X ^ X 

of degree (0, 1, 1) and level 1. 

Pushforward by closed immersion: For a closed immersion i : Y ^ X of 
codimension c of regular schemes in Cs, we get a pushforward morphism of coniveau 
spectral sequences 

i^:Y ^ X 

of degree (c, c, c) and level 1 which is given as the composition 

^a-cb-c^Y, n-c)^ E^'\Y ^X,n)^ E^'^X, n). 
Here the former morphism is induced by purity in 14.3( 7). 

Residue: For a closed immersion Y ^ X codimension c of regular schemes in 
Cs with U = X — Y, we get a residue morphism of coniveau spectral sequences 

d:U ^ Y 

of degree (1 — c, — c, — c) and level 1 which is given as the composition 

E^'\U,n) E^+^'^{Y ^X,n)^ E^+^-^'^-^{Y,n - c). 

Here the former morphism arises from I4.3T 3) and the latter isomorphism is induced 

by purity in 14.3( 7). For r = 2 we have a long exact sequence 

(4.2) 

... A E:^-''^-'{Y,n) A Ef{X,n) A Ef{U,n) A E:^^^~''''-'{Y,n) 
where j : U ^ X is the open immersion. 

Finite flat Pushforward: For a finite flat morphism f : X' ^ X between regular 
schemes in Cs, there arises from 14.3( 4) a morphism of coniveau spectral sequences 

: X' ^ X 

of degree (0, 0, 0) and level 1. 

The following proposition on homotopy invariance is crucial. 

Proposition 4.9. For regular X £ Cs and for a vector bundle f : V X the flat 
pullback along f induces an isomorphism of coniveau spectral sequences of degree 
(0,0,0) and level 2 

f* : X ^ . 

In particular f* : H*{X, *) — )• H*{V, *) is an isomorphism. 
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Proof. It is sufficient to show that / induces an isomorphism on E2 -level. First 
we treat the special case where V ^ X is a trivial vector bundle, namely V = 
X X A" ^ X is the natural projection. By induction on n we are reduced to the 
case V = X x A} . This can be shown by transferring the argument of [Rl Section 
9] to our setting. For the function field E of an integral scheme X G C5, write 

H*{E,*) = lim H*{U,*), 

ucx 

where U ranges over all open subschemes of X. Then the functor E 1— )■ H* {E, *) from 
function fields of integral schemes in Cs to abelian groups satisfies properties similar 
to Rost's axioms for cycle modules. Now an inverse to /| : E2*{X) — ?> E2*{V) is 
given by 

X X X X (A^ - {0}) ^^^^t^ X X (A^ - {0}) ^X. 

Here d is the residue morphism corresponding to the closed immersion X x {00} ^ 
X X (Pi - {0}). 

We now reduce the general case to the special case. We proceed by induction on 
dim(X). First we assume that there exists a regular closed subscheme Y C X such 
that y — )■ X is a trivial vector bundle over U = X — Y . We have the commutative 
diagram 

^a-c,b-c^y^ ^ Ef{X, n) ^- Ef{U, n) ^ . ■ ■ ■ 



r 



r 



. . . ^ n) ^ Ef{f-\X), n) EfU-\U),n) ■ ■ ■ 

where the horizontal long exact sequences come from (j4.2p . By induction and by 
what we have shown, this proves that : -E'2'*(X) — )■ £^2'*(^) is an isomorphism. 
In general there is a sequence of closed subschemes 

Xg C Xi C • • • X,. = X 

such that Xi — Xj_i for 1 < i < r are regular and that y — > X is a trivial vector 
bundle over X — X^. This reduces the proof to the previous case and the proof is 
complete. □ 

Using homotopy invariance we can now define the pullback morphism of coniveau 
spectral sequences along closed immersions of regular schemes. For such a closed 
immersion i : y ^ X let D{X, Y) be the blow-up of X x A^ in 1" x {0} minus 
the blow-up of X in Y. Then D{X,Y) is flat over A^, and the fiber over a point 
p E A^ — {0} (resp. € A^) is isomorphic to X x {p} (resp. the normal cone NyX 
of y in X), cf. E Sec. 10]. 

Pullback along immersions: Let i : Y X he a closed immersion of regular 
schemes in Cs- Using the normal cone we define the morphism of coniveau spectral 
sequences of degree (0, 0, 0) and level 1 

J(i) : X >-XyX. 

as the composition 

X ^^'"'-^ X X (Ai - {0}) X X (Ai - {0}) ^ >- NyX. 

Here vr : X x (A^ — {0}) — )• X is the projection and t is the standard coordinate of 
A^ and d is the residue morphism corresponding to the closed immersion NyX ^ 
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D{X, Y). Composing J{i) with the inverse of the flat puUback along NyX — > y we 
get the pullback morphism along i which is of degree (0, 0, 0) and level 2 

i* : X Y. 

The proof of the next proposition is standard (see |Deg| for the argument on the 
E;'* -level). 

Proposition 4.10. The puUback along closed immersions satisfies: 

(i) The homomorphism i^^^ : H*{X,*) — ?> H*(Y,*) stemming from the normal 
cone construction is equal to the usual pullback from Definition \4-3^ 1 )■ 

(ii) The construction of pullback along closed immersions is functorial. 

(iii) It is compatible with cup-products. 

(iv) For a Cartesian square 

Y' ^X' 

J 

Y ^X 

i 

of regular schemes with closed immersion i and flat f the diagram 

Y' ^ X' 

^* 

y-c^^-- X 

commutes. 

(v) For two morphisms Z ^ Y X of regular schemes with i a closed immer- 
sion, p flat and po i flat, we have 

[po i) = I op. 

(vi) For two morphisms Z ^Y ^ X of regular schemes with i a closed immer- 
sion, p smooth and po i a closed immersion, we have 

[p o I) = I op. 

It follows from Proposition 14.101 (iv) that one gets a pullback map along locally 
closed immersions of regular schemes with the same properties. Using Proposi- 
tion 14.101 (vi) and standard arguments, see [F] Section 6.6, one can now define a 
pullback along arbitrary embeddable morphisms between regular schemes. 

General Pullback: Let / : Y ^ X be an embeddable morphism of regular schemes 
in Cs, which factors as 

Y ^ P ^ X 

where vr is smooth and i is an immersion. Define 

= t O TT . 

Proposition 4.11. The following holds for the general pullback along f : 

(i) The map f*^^ : H*{X,*) H*{Y,*) is equal to the usual pullback map of 
cohomology. 

(ii) The map f* does not depend on the factorization of f. 

(iii) The general pullback construction is functorial. 

(iv) If f is flat the general pullback coincides with the flat pullback. 
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Now we can prove Theorem 14.21 Passing from the coniveau spectral sequence to 
the niveau spectral sequence as discussed above gives us a pullback map of niveau 
spectral sequences for a morphism of regular schemes of the same dimension. In 
particular we have produced the pullback maps in condition (PB). The only thing 
one has to check is part (ii) of (PB). For this we need a detailed understanding of 
the pullback construction on i?^'*-level as is given in the work of Rost [R] in terms 
of his Chow groups with coefficients. Fix an integer a > 0. Recall that for X € C, 
the term in degree a of the Kato complex KCh{X) is 

Now let / : X' — )■ X be as in (PB). Choose a non-empty open subscheme V <Z X 
such that / is finite and flat over V . Putting Z = X — V , we have 

(4.3) El,{X) = El,iy)®El,[Z). 

We put 

E = Kev{El,{y) ^ El,{X) A EI^^^,[X)) 

and denote by im^ the image of S in KHa{X) = E'^ e(^)- T^^^ following two lemmas 
imply part (ii) in (PB) and therefore finish the proof the the theorem. 

Lemma 4.12. The restriction of o f* : KHa{X) — ^ KHa{X) to im]f, i.e. 

f.of*\.^v:imY^KHa{X), 

is equal to the inclusion imY KHa{X) multiplied by deg{X' / X) . 

Lemma 4.13. The inclusion im^ ^ KHa{X) is an isomorphism. 

Proof of Lemma \4-13\ Consider a € S C El^{V) and denote its image in E^^{X) 
by ctx (cf. ()4.3p ). Choose a factorization f = iop with a closed immersion i and a 
smooth morphism p and choose a coordination of the normal bundle of i as in [Rl 
Sec. 9]. This choice induces a pullback map /* : El^{X) E\^{X') as in [Rl Sec. 
12] which satisfies the following properties: 

• the restriction of /* to Ker((i^ : £'^g(X) E\_-^^{X)) induces /* on 
KHa{X) = El,{X). 

• For an open immersion j : U ^ X, we have the commutative diagram: 

EUX) EUX') 



(4.4) 



eUu) eUu') 



where the vertical arrows are the pullbacks by the open immersions and 
/ : U' = f^^{U) ^ X' and fu:U'—>U\s the base change of / via j (see 
the sentence above [R], Lemma 11.1). 
• In the above diagram, if fu is fiat, then /j} is the naive pullback via the flat 
map U' (see below Definition |M1 and [Rl (3.5)] and [Rl Lemma 12.2]). 

We put 

ax' = /*(«x) G El,{X'). 
Let V = f=^{y) and Z' = X' -V = f~\Z) with Z = X -V. Let 

ax' =01 + 02, oi G EI^^{V'), 02 G E^ eiZ') 
be the decomposition with respect to 

eUx') = eUv')®eUz'). 
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By the above fact, ai = {j')*{ax') is the naive puUback of a G El^{V) via the flat 
map V — > V. Therefore we have /*(ai) = deg{X' / X) ax- So in order to finish the 
proof of the lemma it suffices to show that /3 := /*(a2) = ^ e(^)- We have the 
commutative diagram: 



Uz), 



El,[Z) El,[X) 

where i : Z ^ X and i' : Z' ^ X' are the closed immersions and fz ■ Z' Z 
is the base change of / via i. This shows the support of /? is contained in Z, 
namely /3 E E^^^{Z). Let i : Y ^ X he the support of ax- Since ax is the image 
of a E EI^^{V), Y is the union of closed integral subschemes Yi of dim5'(yi) = a 
such that none of Yi is contained in Z = X — V, which implies dim5'(y D Z) < a. 
Applying the diagram ()4.4p to the case U = X — Y, we see ax' E E^^^{Y') with 
Y' = f~^{Y). By the same argument as above, this implies the support of /? is 
contained in Y and hence /3 E E\ ^[Z r\Y). Now the desired assertion follows from 
the fact El,,{Z n = as dim^jz r\Y) < a. □ 

Proof of Lemma \4-13\ Assume for simplicity of notation that our homology theory 
H is leveled above e = 0. It suffices to show that the composite map 

El+ifl{X) eI q{x) eI q{z) 

is surjective for a E Z, where the second map is the projection with respect to ()4.3p . 
For a point z E Z(^a) we can choose z' E ^(a+i) by [SS[ Lemma 7.2] such that z lies 
on the regular locus of Y := {z'}. Let R be the finite set of points of dimension a 
onY nZ which are different from z. We have an exact sequence arising as the limit 
of localization sequences for the homology theory H 

Ha+l{z) A Ha{z) e HaiH) Ha{A), 

where A is the normalization of the semi-local one-dimensional ring Oy.{z}ur 
R' is the set of points of Spec(^) lying over R. By the assumption that H is leveled 
above e = we have Ha{A) = and hence d is surjective. This implies the desired 
surjectivity. □ 



5. Fullback Map (Second Construction) 



In the previous section we gave a complete proof of the fact. Theorem 14.11 that 
the homology theories defined in the examples in Section [T] satisfy condition (PB) 
under our restriction on characteristic. This proof relies on the Fulton-Rost version 
of intersection theory. In this section we give an alternative proof of Theorem 14.11 
for the etale homology theory H'^^ from Example 11.41 by using the fact that the 
Gersten conjecture holds over fields. This allows us to remove the restriction on 
characteristic at least for H^^. 

Let the notation be as in Example II. 4[ Assume S = Spec(A;), where A; is a finite 
field. Let X he smooth over S = Spec(A;) of pure dimension d. By Lemma 11.51 we 
have an isomorphism 

Ha{X) = Ht\X,A) = Hlt%X,K{d)). 
Thus, for / : X ^ y as in (PB), /* : Hf(Y,K) Hf{X,K) is defined by 
/* : Hl^-%Y,m) ^ Hl^-%X,m), (d = dim(X) = dim(y)) 
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the pullback map for etale cohomology. We have the spectral sequence 
(5.1) Ef = H^zar{X,n'k) Hl+\X,m) 



lb _ T?b , 



where = R p^K{d) with p : ~^ Xzar, the natural morphism of sites. By 
the Bloch-Ogus version of Gersten's conjecture (see [CTHK) ). we have a flasque 
resolution of : 

(5.2) n'x ^ C\ in D\Xzar), 

where D^{Xzar) is the derived category of bounded complexes of Zariski sheaves on 
Y and is the following (cohomological) complex of Zariski sheaves: 

{i^).Hi{x,K{d))^ {i^).Hl;\x,K{d-l))^--- 

where the term {ix)*H^^^°'{x, K{d — a)) is placed in degree a and ix : x ^ X 

is the inclusion. In view of the description (|1.6p of KCh{X), this implies a natural 
isomorphism 

(5.3) KHf{X)^Hi-J{X,ni+') 

We note Tix = ioi b > d + l due to the injectivity of Tix ^ {in)*H^{'n, A(d)) (r/ is 
the generic point of X) and the fact H^{ri, A((i)) = for b > d+1 where we use the 
assumption that k is finite. Thus we get an edge homomoprhism for the spectral 
sequence ()5.ip : 

: H',^^'-^{X,A{d)) ^ Hj-JiX,nf'). 

This allows us to define /* : KHf{Y) KHf{X) for / : X ^ y as in (PB) to be 
the composite map 

where the second map is induced by the natural pullback map 

The first condition of (PB) is immediate from the definitions. The second condi- 
tion follows from the commutative diagram 

H^d+i~a^Y,A{d)) — ^ Hj^+^-^{X,A{d)) 



Hf-j{Y,nt^') Ht:^{x,nf^] 

and from the commutative diagram 



KHf{x) //|;,"(x,?^i+i) 

The commutativity of the last diagram follows from the compatibility of the niveau 
and coniveau spectral sequences with respect to the isomorphism (|5.3|) and from 
compatibility of the coniveau spectral sequence and the spectral sequence (|5.ip (cf. 
[Pal Cor.4.4]). 

Finally we show the last condition of (PB). Let / : X — > y be as in (PB). From 
the fiasque resolution (|5.2p . we get an isomorphism 

(5.4) M/.7^i+i ^ hCT in D\Yzar). 
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We have the trace map 

that induces r(C/, /*Cf*"^) T{U,C^+^) for open U CY, which is induced by the 
following commutative diagram 

H^+\x,A{d)) > e Hi{x,A{d-l)) > > Hl{x,A) 



e Hi^\y,m) > e Hi{y,A{d-l)) > > e Hi{y,K) 

where V = f^^(U) and the upper (resp. lower) complex represents T{U, f^,C'j^^) 
(resp. r(C/,Cy+^)). For x G F^") and y G U^''\ the (x, y)-component of 

A((i - a)) ^ A(d - a)) 

is if y 7^ /(j;) and the pushforward map for the finite moprhism Spec(x) Spec(y) 
if y = f{x). By 1^ and trj induces trf : Rf^nj^^ np^^ , a map in 

D'>{Yzar), and 

It is easy to check the commutativity of the following daigram: 

Hence we are reduced to show the following: 

Claim 5.1. Let f : X ^Y be as (PB). Then the composite 

njd+l J\ m f n/d+l ijd+l 

rty r m. rt^ ? rty 

is the multiplication by [k{X) : k{Y)], where the first map is the adjunction of the 
pullback map f*np^ n'^\ 

Indeed, by the Gersten conjecture, the natural map Tip'^ — )■ {iri)*H^^^{r], A{d)) 
is injective, where rj is the generic point of Y. Hence it suffices to show the claim 
after the restriction to rj, which follows from the standard fact that the composite 

H^{v,m) ^ ^"(e, A(d)) A H^{v,m) 

is the multiplication by [k{X) : k{Y)], where is the generic point of X. 

6. Main Theorem 



In this section we state and prove the main theorem 16.21 Let the notation be as in 
Section [2l For an integer q > and a prime £, consider the following condition: 

(G)^ g-. For any X G 5*g^ and for any proper closed subscheme W of dim5'(VF) < q 
in X, there exists X' G <S*g^ and a morphism tt : X' ^ X such that 

• TT is surjective and generically finite of degree prime to i, 

• W := 'n'~^{W)red is an admissible simple normal crossing divisor on X' (cf. 
Definition [22]). 

Remark 6.1. (1) If the base scheme S is the spectrum of a field of characteristic 
0, (G)^ ^ holds for all q and i thanks to Hironaka [H] . 
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(2) (G)^^^ holds for g < 2 due to [CJSl Corollary 0.4]. Indeed in the cases (1) 
and (2), one can take vr to be a birational morphism. 

(3) If i is invertible on S, (G)^ ^ for all g > follows from stronger statements 
which have been recently proved by Gabber (see \L12\ Theorem 1.3 and 1.4]) 

Now we state the main theorem. 

Theorem 6.2. Let H be a homology theory leveled above e. Fix an integer q > 
and a prime £, and assume the following conditions: 

(1) Ha{X) is i-primary torsion for all X € C5 and a ^"L, 

(2) H satisfies the Lefschetz condition (cf. Definition \3.1\) . 

(3) the condition (PB) from Section^holds for H, 

(4) the condition (G)£^_g holds. 

Then, for any X € 5*g^, the trace map (|2.3p induces a quasi-isomorphism 

T<gKCH{X) ^ T<gKCH{Tx). 

Before coming to the proof of the theorem we deduce the following corollary 
generalizing the theorem to not necessarily projective schemes. 

Corollary 6.3. Let H be a homology theory satisfying (1), (2) and (3) of Theo- 
rem \6.2l Assume further that I is invertible on S (so that (4) is satisfied for all q 
by Gabber's theorem). Let X ^ Cs be regular, proper and connected over S and let 
T be the image of X in S. Then KHa{X) = for a > i^ + 1 (cf. Lemma \2.8\} . 

Proof. Since i is invertible on S, we may use Chow's lemma jEGAIH Section 5.6] 
and Gabber's theorem [112] Theorem 1.3 and 1.4] to construct X' G S^J'^^jj, and a 
morphism tt : X' ^ X such that vr is surjective and generically finite of degree 
prime to £. By Theorem 16.21 we get KHa{X') = for a > + 1. From (PB) we 
deduce that vr* : KHa{X') — )• KHa{X) is surjective for o S Z and thus the corollary 
follows. □ 

For the proof of the theorem, we first show the following Proposition 16.41 Let 
g > 1 be an integer. For a log-pair $ = {X,Y;U) with X G 5*gg, consider the 
condition: 

(LG)^: The composite map 

del : Ha+e{U) ^ KHa{U) A KHa-l{Y) 
is injective for a = q and surjective for a = q + \. 

Proposition 6.4. Let II be a homology theory leveled above e. Let X G 5*g^ and 
d = (i\ms{X). Fix a prime i and an integer q > 0. Assume the following conditions: 

(1) KHq{X) is (.-primary torsion. 

(2) The condition (PB) from Section^holds for H. 

(3) The condition (G)^ holds. 

(4) For any log-pair $ = {X' , Y') with a proper surjective morphism tt : X' ^ X 
such that X' G 5*^^ and dim5(X') = d, there exists a log-pair = {X' ,Y") 
such that Y' C Y" and that ^' satisfies the condition (LG)^. 

Then we have KHq{X) = 0. 



For the proof of the proposition, we need the following: 
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Lemma 6.5. Let q > 1 be an integer. Let = {X, Y; U) with X G 5*g^ be a log-pair 
which satisfies the condition (LG)^. Let j* : KHq{X) KHq(U) be the pullback 
via j : U ^ X and : Hq+e{U) KHq{U) be as in Definition \L^ 3). Then 
(i*)-i(lmage(e«^)) = 0. 

Proof. First we claim that j* is injective. Indeed we have the exact sequence 

KHq+l{U) A KHq{Y) ^ KHq{X) A KHq{U). 

Since i9e^^^ is surjective by the assumption, d is surjective and the claim follows. By 
the above claim it suffices to show Image(j*) fl Image(e^) = 0. We have the exact 
sequence 

KHq{X) KHq{U) KHq^l{Y) 

Let /? G Hq^e{U) and assume a = efj{l3) G KHq{U) lies in Image(j*). It implies 
d{a) = defjdS) = 0. Since defj is injective by the assumption, this implies /? = so 
that a = 0. □ 



Now we prove Proposition! 
Proof. Let a G KHq(X). By recalling that 

: Hq+,iX) ^ KHq{X) = eI,{X) 
is an edge homomorphism and by looking at the differentials 

we conclude that there exists a closed subscheme W C X such that dim(pr) < q — 2, 
and that putting U = X — W, the pullback a^u G KHq{U) of a via U ^ X lies 
in the image of efj, namely there exists f3 G Hq-i{U) such that a\u = e1j{/3). By 
(G)^ we can find X' G S^^g ^^'^ ^ proper surjective map tt : X' ^ X generically 
finite of degree prime to i such that {X',Y') is a log-pair where Y' = 'n'^^(W)red- 
Put U' = 7r-^(C/). By the condition E^ A). there is a log-pair $ = {X',Y";V) with 
Y' C Y" which satisfies the condition (LG)^. Thanks to the condition I6.4r 2). we 
have the commutative diagram (since X and X' are projective over S, vr is projective 
and hence it is embeddable in the sense of Section H]) 

KHq{X) KHqiX') 

KHq{U) KHq{U') > KHq{V) 



4 



Hq+e{U) Hq+e{U') > Hq^,{V) 

Put a' = 7r*(Q) G KHq{X') and /3' = 7r*(/3) G Hg^i{U'). Let a\y G KHq{V) (resp. 

G Hq{V)) be the pullback of a' (resp. /?') via F X' (resp. V ^ U'). By the 
diagram we get a'y = ey(/3jy) G KHq{V). By Lemma [631 this implies a' = 0. Since 
the composite 

KHqiX) A KHgiX') ^ KHqiX) 

is the multiplication of the degree of vr which is prime to i, we get a = by the 
condition Elll). □ 

For a closed subscheme T C S and integers q,d > 0, consider the condition: 
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KCt((?, d): For any X G 5*g^ with dim(X) < d and Tx C T, where Tx is the image 
of X in 5, the proper map X — >■ Tx induces a quasi-isomorphism T<qKCH{X) ——^ 
T<gKCHiTx). 



Lemma 6.6. Assume KCr(Q, d — 1) for integers d > 1 and q > 0. If a log-pair 
<I> = {X,Y;U) with X £ ^reg/T H -clean in degree q and if q > ix + 1 (cf. 
Definition \3.1\ and Lemma \2^) . then it satisfies (LG)^. 



Proof. We consider the commutative diagram 



H, 



q+l+e 



(U) 



,9 + 1 



-> KH,{Y) 



where 7? is an isomorphism by KCtC?, d ~ 1) Lemma 12.101 and the lower d 
is an isomorphism by Lemma [2^81 (use q > dim5'(r) + 1), and ^e'j^'^ = ^'^^ o ef^^ 
is surjective by the cleanness assumption. This shows de'^'^ is surjective. Next we 
consider the commutative diagram 



-1 



g-l 

7- 



where 7? ^ is an isomorphism by KCt(?, d — 1) and Lemma [2. 101 and the lower d is 



injective by Lemma 



and 7e| 



This shows defj is injective and the proof is complete. 



7|, o is injective by the cleanness assumption. 



□ 



We now prove Theorem 16. 2i 

Proof. For this we may fix a closed subscheme T G S. It suffices to show KCrC^?, d) 
holds for all d > 0. By Lemma 13.31 we may assume q > dim5(T) + 1 > + 1. We 
now proceed by induction on d = dim(X). The case d = follows from Lemma 13.31 
Assume d> 1 and KCj'(g, d— 1) and we want to show KHq{X) = for X € S^JgjT- 
For this we apply Proposition 16.41 to X. The conditions (1), (2) and (3) hold by 
the assumption of the theorem. The condition (4) of the proposition is satisfied 
by Lemma 16.61 and the Bertini Theorem 13.21 due to the Lefschetz condition. This 
completes the proof of the theorem. □ 



7. Result with finite coefficients 



Theorem 16.21 shows the vanishing of the Kato homology of an object of Sreg for a 
homology theory satisfying the Lefschetz condition. By Theorem 13.51 the condition 
is satisfied for some homology theories with admissilbe coefficient A = T Q^/^f 
as in Definition 13.41 In this section we improve Theorem 16.21 and Corollary 16.31 to 
the case of finite coefficient A„ = T 
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Fix a prime I and assume given an inductive system of homology theories: 

where , A„) are homology theories leveled above e on C5. We assume H(X, A„) 
is killed by for any X G C5. It gives rise to a homolgy theory (again leveled above 
e) on Cs- 

H{-,A^) : X ^ Ha{X, Aoo) := hm H{X, A„) for X G Ob{Cs) 

n>l 

with Ln ■ H{-,An) H{-,A 00), a natural transformation of homology theories. 
We further assume given for each integer n > 1, a map of homology theories of 
degree —1 

(7.1) dn : H{-,A^)^H{-,An) 

such that for any X G C and for any integers m > n, we have the following commu- 
tative diagram of exact sequences 
(7.2) 

> Hg+,iX,A^)/r H,{X,An) H,{X,A^)[r] > 

> F,+i(X,Aoo)/^" H,{X,Am) i7,(X,Aoo)[n > 0- 

We let KCniXjAn) and ii'C// (X, Aqo ) denote the Kato complexes associated to 
H{—,An) and H{—,Aoo) respectively and KHa{X,An) and KHa{X,Aoo) denote 
their Kato homology groups. By definition K Ha{X, Aoo) = lini KHa{X, An). 

n>l 

Remark 7.1. The above assumption is satisfied for the inductive systems of homology 
theories {H^*(-, A„)}„>i and {H^(-, A„)}„>i in Examples 11.41 and 11.6} where A„ — 
T (8) Z/^"Z for a finitely generated free Z^-module with continuous Gfc-action. 

For an integer q > we consider tlie following condition for — , Aqq)i 
(D)^ : For any x G X^g), Hq+e+\{x, Aoo) is divisible. 

Remark 7.2. 

(1) For H = {W\-,Z/n)}n>i, the condition (D)^ is implied by the Bloch- 

Kato conjecture (see Lemma [731 below). For H = {R^{—,Z/£"'Z)}n>i, it is 
not known to hold. 

(2) Let X G X(^qy In view of (|7.2p and the vanishing of Hq^e-i{x, A^o) (which 
follows from the assumption that H{—,An) is leveled above e), (D)^ is equiv- 
alent to the exactness of the following sequence 

Hg+e{x,An) Hg+e{x,Aoo) > Hg+e{x,Aoo) 0. 

Lemma 7.3. For H = H^\-,Z/n) in Example\r^ (D)^ holds. 
Proof. In view of Lemma 11.51 (D)^ is equivalent to the condition that 

lim Hl{Spec{L),Z/rZ{q)) 

n 

is divisible for the residue field L = k{x) of x G X(^qy This is a consequence of the 
surjectivity of the Galois symbol map ([MiJ and ]SK\ Section 2]): 

hi : (L) ^ i/f,(Spec(L),Z/rZ(g)) 

where {—) denotes the Milnor /C-group. In case £ = ch(L) the surjectivity had 
been shown by Bloch-Gabber-Kato [BK]. In case I ^ ch(L) it has been called the 
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Bloch-Kato conjecture and now established by Rost and Voevodsky (the whole proof 
is available in the series of the papers |Vlj . |V2j . [SJ] and |HWj ). □ 

Theorem 7.4. Let H he an inductive system of homology theories as above. Fix an 
integer q > and assume the following conditions: 

(1) H{—,Aoo) satisfies the Lefschetz condition (cf. Definition \3. 

(2) H{—,Aoo) satisfies (PB) from Section^ 

(3) (G)£g_^ from Section\^ holds (this is the case if q < 3 by [CJSj ). 

(4) (D)^' and (D)g_i hold. 

Then, for X € S^^^g with image T in S, KHq{X, A„) = if q > it + ^■ 

Corollary 7.5. Assume that H{—,Aoo) as above satisfies the Lefschetz condition 
and (PB) from Section\^ Assume further that i is invertible on S. Let X ^ Cs be 
regular, proper and connected over S and let T be the image of X in S. Let q > 1 
be an integer. Assuming (D)^ and (D)^_^, we have KHq(X,An) = if q >iT + 

The theorem and corollary follow at once from Theorem 16.21 Corollary 16.31 and 
the following: 

Lemma 7.6. // (D)^ and (D)g_^ holds, we have an exact sequence for X ^ 0$: 

^ KHg+i{X, Aoo)/r ^ KHq{X,An) ^ KHq{X,A^)[r] ^ 0. 

Proof. This follows from the following commutative diagram: 





Hq+e+l{x,Ar. 



Hqj^e+l[x,A 

c 



Hg+e+lix,A„ 



-> Hg+e{x,An) 



x€X 



Hq+e{x,Ac 



Hq+e{x,A^ 



i?g+e_i(x,A„ 



Hg+e-l{x,Ac 



(9) 



-> Hg+e-lix,Ac 





where all columns and rows are exact by the assumption and Remark 17.21 ^2). □ 



In the above argument, in order to show the vanishing of KHq{X, An), the van- 
ishing of KHg{X, Aao) and KHg+i{X, Aoo) are used. In [JS2\ Section 5] a refined 
argument is given which uses only the vanishing of KHq{X,Aoo) to show that of 
KHq(X, An). This is useful when we deal with the case i = p for which we cannot 
use Gabber's theorem and obliged to resort to results on resolution of singularities 
in low dimension such as jCJSj . In what follows we recall the argument. 

Theorem 7.7. Let q > I be an integer. Assume the following: 

(1) H{—,Aoo) satisfies the Lefschetz condition. 

(2) H(—,An) satisfies (PB) from Section^ 

(3) (G)^ from Section\^ holds (this is the case if q < 4: by [CJSj ). 

(4) I'D) g holds. 



36 



Moritz Kerz and Shuji Saito 



(5) We have an exact sequence of the Kato complex for S: 

^ KCh{S,K) ^ KCh{S, Aoo) A KCh{S, Aoo) ^ 0. 
Then, for X € 5*gg with image T in S, KHg{X, An) = if q > ix + I- 

Proof. We may assume dim5(X) > q. In case dims{X) = q, by Remark [7.2r 2). (D)^ 
implies that KHq{X, A„) is a subgroup of KHq{X, Aqo)- Hence the assertion fohows 
from Theorem 16.21 Assume dims'(X) > q. We apply to H = H{—,An) the same 
argument as the proof of Theorem 16.21 (reducing it to Proposition 16.41 and Lemma 
16. 6p . We are reduced to showing the following: □ 



Lemma 7.8. Let ^ = {X,Y;U) be a log-pair with dim5'(X) >q + l. If ^ is clean 
in degree q + 1 and q for H{—,Aoo), it is clean in degree q for H = , A„). 

Proof. We have the commutative diagram 

y Ha+i{U,A^)/r HaiU,An) > Ha{U, A^)[i^] > 



a + 1 



> Ga+i{<^,A^)/r > G„(<i>,A„) > G„(<i>,Aoo)[n > 

where the exactness of the lower sequence follows from the condition (5) of Theorem 
17.71 The assumption implies 7e|, is injective for a = (/ + 1 and q (resp. surjective 
for a = g + 2 and q + 1). By the diagram this implies that 7e|, is injective for 
a = q and surjective for a = q + 1, which completes the proof of the lemma. □ □ 

8. Kato's Conjectures 



In this section we prove part of the original conjectures of Kato from [Kj. We fix a 
prime i and consider the Kato homology with ^-primary torsion coefficient. 

We start with Kato's Conjectures 0.3 and 5.1 from jK]. Assume either of the 
following: 

(z) S = Spec(A;) for a finite field k, 

{a) S = Spec{R) where i? is a henselian discrete valuation ring with finite residue 
field. 

In case (ii) we assume that i is invertible in R. Let G = Gal{k/k) be the absolute 
Galois group of k in case (i) and G = TTi{S,r]) with a geometric point rj over the 
generic point r/ of 5 in case (ii). We fix an ^-primary torsion G- module A and 
consider the following etale homology theory on Cs- In case (i) it is given by 

Ht\X, A) = H-''iX,„R /-A) for / : X ^ 5 in C5. 

In case (ii) it is given by 

Ht'{X,A) = H^-^{X,t,Rf-A{l)) for / : X ^ 5 in C5. 

This is leveled above —1 and the associated Kato complex is written as: 

(8-1) ■■■ ^ Hg^\x,A{a))^ HUx,A{a-l))^--- 

•••^0 Hlix, A{1))^ Hi{x,A). 

For A = TLjP^TL (with the trivial G-action), this coincides with the complex (j0.2p 
(with n = £™) which Kato considered originally. Let KK^{X,K) be the associated 
Kato homology groups. The following theorem gives a complete answer to Kato's 
Conjectures 0.3 and 5.1 from [K] for I invertible on 5. 
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Theorem 8.1. Assume either of the following: 

(1) A = T (S> QefZe is admissilbe in the sense of Definition \3.4\ 

(2) A = TLjP^'L with the trivial G-action. 

For a regular connected scheme X proper over S with image Tx in S we have 



T^t(v A \ — / for a = and dim(rx) = 

otherwise . 



under one of the following assumptions: 

• I is invertihle on S, 

• X is projective and (G)^ holds (which is the case if a < 4 by [CJS]). 

Proof. Under the assumption (1) the theorem follows from Theorem 16.21 Corollary 
16.31 Theorem 13 . 5 1 and Theorem 14. II We show the theorem under the assumption (2) 
by applying Theorem 17.71 to the inductive system of the etale homology theories: 

H = {H'\-,z/n)u>i. 

The condition (5) is easily checked. The condition (1) follows from Theorem 13.51 
and (2) from Theorem 14. 11 Finally (4) follows from Lemma 17.31 This completes the 
proof of Theorem 18.11 □ 

Another consequence of our approach to Kato's conjectures, which was not di- 
rectly conjectured by Kato himself and which will be used in [KeSj to study quotient 
singularities, is the following theorem. Note that we do not know at present whether 
it holds with finite coefficients except in case /c is a one-dimensional global field (see 
the proof of Theorem 18. 3p . 

Let S = Spec{k) where /c is a finitely generated field k or its purely inseparable 
extension. Let G = Ga\{k/k) be the absolute Galois group of k. We fix an ^-primary 
torsion G-module A and consider the following etale homology theory on Cs from 
Example 11.61 

i/f (X, A) := hrn Rom{H^{X,t, F^), Q/Z) for X € Ob{Cs), 

F 

where F runs over all finite G-submodules of A and F"^ = Hom(F, Q/Z). This ho- 
mology theory is leveled above 0. Let KH^{—,K) be the associated Kato homology 
groups. 



Theorem 8.2. Assume A = T (S)Qe/1'i is admissilbe in the sense of Definition \3.4 
For a connected scheme X smooth proper over k, we have 



KH^{X,K) 



Ac for a = 
for a> 0. 



under one of the following assumptions: 

• ch{k), 

• X is projective and (G)^ holds after replacing the base field k by its 
perfection. 

Proof. Let k be the perfection of k. From Lemma 11.71 ^3) we deduce a canonical 
isomorphism 

KH!^{X 0k k, A) ^ KH^iX, A). 

Hence we may assume that k is perfect. Then the proof is the same as that of 
Theorem EH □ □ 
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Next we discuss Conjecture 0.4 from [KJ. Let S = Spec(-fir) where K is a one- 
dimensional global field. Let Pk be the set of all places of K. Let Cs be the 
category of schemes separated and of finite type over S. Let £ he a prime number 
with i 7^ ch{K) and write A„ = Z/^"Z for an integer n > 0. For X € Cs with 
dim(X) = d, Kato considered the complex KC^^\X, An): 

and the corresponding complexes KC^^\Xk^, An) for Xk^ = X Xk with the 
henselization Ky of K at v € Pk- Here we put the the sum ©xeXf^j at degree a for 
a > 0. Let us define the complex 

(8.2) KCiX/K, An) := cone[i^C7(i) {X, A„) ^ KC^'^ (Xk^ , An)] 

v&Pk 

and its homology 

(8.3) K Ha{X / K, An) = Ha{KC{X/K, An)) foraGZ. 

In fact in his original approach Kato considered completions instead of henselizations 
of K, but Jannsen |J3j showed that this does not change homology. The next 
theorem is due to Jannsen in case K \s a number field ^J2j and gives a partial 
answer to Kato's Conjecture 0.4 [K|. 

Theorem 8.3. For a connected scheme X proper smooth over the one- dimensional 
global field K and for I ^ ch(i^) we have 

An for a = 
for a> 0. 



KHa{X/K,An 



Proof. Let H = H^(—, An) be the homology theory from Example 11.61 over the base 
S = Spec(i^) and KCh{X, An) be the associated Kato complex. We claim that for 
any y € C5 there is an exact sequence 

(8.4) ^ KC«(y, A„) ^ KC^'\YK^,An) ^ KCuiYAn) ^ 0. 

v&Pk 

Indeed, the injectivity of t is due to Jannsen |J21 Theorem 0.2] and a generalization of 
|J2[ Theorem 0.4] using Gabber's refinement of de Jong's alterations [112] . The map 
p as well as the right-exactness of (|8.4p comes from the duality stated Corollary [TL5j 
()8.4p implies that we have an isomorphism of Kato homology groups 

KH^{X, An) = KHa{X/K, A„) for a £ Z. 

Thus we are reduced to show the assertion of the theorem by replacing KHa{X/ K, An) 
by KH^{X, An). By Lemma ll.7( 3) we may replace K by its perfection. Then we 
can apply Theorem 17.71 to the inductive system of the homology theories: 

H = {H''{-,An)}n>l. 

We have already checked all the conditions other than (4). As for the last condition 
we have to show the injectivity of H^{x, A„) H^{x, Aqo) for x G X^^j (cf. Remark 
I7.2r 2)l. By (j8.4|) we have an exact sequence 

^ Hi^^x^i/enq + 1)) ^ ^^+'(x.,z/rz(g + 1)) ^ Hj^ix, An) ^ o, 

v^Pk 

where x^ = x Xgp(,(.(^-) Spec(Kt,). Hence it suffices to show the injectivity of 
Hl+\SpeciL),Z/rZ{q+l)) ^ i/^+2(Spec(L), Q,/Z,(g + 1)) 
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for residue fields L of x and x^, which fohows from the divisibihty of 

Hl^\Spec{L),qfjZfXq+l)). 

Thus the desired assertion fohows from the Bloch-Kato conjecture (see the proof of 
Lemma I7.3p . This completes the proof of Theorem 18.31 □ 



Finally, we discuss Kato's Conjecture 0.5 from [Q. Let K he a one-dimensional 
global field. Fix a prime i 7^ ch.{K) and put A„ = Z/£"Z for an integer n > 0. 
Fix a connected regular scheme U of finite type over Z with the function field K. 
For a scheme X separated and of finite type over U,let KC^^\X,K) denote the 
complex (|8.ip : 

^ H^^\x,K{d))^ Hi{x,K{d-l))^---^ ^ HUx,K). 

We have the natural restriction map 

KC^^\X,KM KC^^\Xk,K) with Xk = Xxu Spec(i^). 
and one considers a version of Kato complex defined as 

KC{X/U,Kn) :=cone[KCW(X,A„)[l] ^ KC^^\Xk^, K)] 

and its homology group 

KHa{X/U, An) = HaiKC{X/U, A„)) for a £ Z. 

Here S^/ denotes the set of v E Pk which do not correspond to closed points of U 
and Xxy = X Xjj with K^^ the henselization of K at v. 

Theorem 8.4. Assume that i is invertible on U . For a regular connected scheme 
X proper and flat over U and with smooth generic fibre over U , we have 



KHaiX/U, An) 



An for a = 
for a> 0. 



Remark 8.5. For dim(X) = 1 Theorem 18.41 is a version of the celebrated Brauer- 
Hasse-Noether Theorem proved in the 1930s. For dim(X) = 2 it was shown by 
Kato [K] and motivated him to conjecture the general case. The case dim(X) = 3 
can be deduced from the results proved in |JSlj . 

Proof. Let f € C/ be a closed point and denote by the same letter v the associated 
place of K. Letting Xy = X Xjj v, there is a residue map of complexes (see \JS1\ 
Proposition 2.12]) 

6 : K C^'\Xk^, An) ^KC^'^^Xy, An) 

whose cone is identified up to sign with the complex ()8.ip (with A = A„) for X XjjRy 
where is the henseliztion of Ojj^y. Hence S is a quasi- isomorphism by Theorem [8TTJ 
This implies an isomorphism 

KHaiXK/K, An) ^ KHa{X/U, An) for a G Z 



and Theorem 18.41 follows from Theorem 18. 3[ 



□ 
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9. Application to Cycle Maps 

In this section X denotes a separated scheme of finite type over a field or a Dedekind 
domain. Let CH'"(X, q) be Bloch's higher Chow group defined by Bloch fB] (see also 
|Le] and [Gel] ). It is related to algebraic iiT-theory of X via the Atiyah-Hirzebruch 
spectal sequence (|Lej): 

(9.1) ^^'^ = CH-«/2(X, -p - q; Z/nZ) =^ K'__p^giX, Z/nZ). 

In case X is smooth over a field, it is related to the motivic cohomology defined by 
Voevodsky via 

(9.2) Hl{X,Z{r)) = CR'-iX,2r-q). 

A 'folklore conjecture', generalizing the analogous conjecture of Bass on i^-groups, 
is that CH^(X, q) should be finitely generated if X is over Z or a finite field. Except 
the case r = 1 or dim(X) = 1 (Quillen), the only general result has been known for 
the Chow group CHo(X) of zero-cycles, which is a consequence of higher dimensional 
class field theory ([M] and |CT^S| ). 

One way to approach the problem is to look at an etale cycle map constructed by 
Bloch [B], Geisser and Levine |GL2] and Levine [Le] (see also [Gel]): Fix an integer 
n > 0. Let CH^{X, q; Z/nZ) be the higher Chow group with finite coefficients, which 
fits into a short exact sequence: 

(9.3) ^ C'R''{X,q)/n ^ CW{X,q;Z/nZ) ^ CH^(X, g - l)[n] ^0. 

Assume that X is regular and that either n is invertible on X or X is smooth over 
a perfect field. Then we have a natural map 

(9.4) : CH^(X, q; Z/nZ) ^ H^r'i^^ Z/nZ{r)), 

where Z/nZ{r) is the Tate twist introduced in Lemma [T31 Sato [Satj constructed 
a similar map in case X is flat over Z and n is not necessarily invertible on X but 
we will not use this in this paper. The following theorem follows from the results 
of Suslin- Voevodsky |SV] and Geisser-Levine |GL2] together with the Bloch-Kato 
conjecture: 

Theorem 9.1. The map Px'z/nZ '^^ isomorphism for r < q and injective for 
r = q+1. 

Corollary 9.2. Let Z be a quasi-projective scheme over either a finite field or Z or 
a henselian discrete valuation ring with finite residue field. Let n > be an integer 
invertible on X. Then CH''(Z, q; Z/nZ) is finite for r < q+1. 

Proof. The localization sequence for higher Chow groups implies that for a closed 
subscheme Y d Z oi pure codimension c with the complement V = Z — Y ,we have 
a long exact sequence 

(9.5) • • • CH'-^(y, g; Z/nZ) CW{Z, q; Z/nZ) C^iV, q; Z/nZ) 

CH'^-c(y^ ^ _ 1- z/nZ) ^ ■■■ 

Hence we may replace Z hy V and this reduces the proof to the case where Z is 
regular, which follows from Theorem 19.11 thanks to the finiteness result for etale 
cohomology Hf^{X,Z/nZ{r)) (cf. |(]TSSI (26) on page 780], [Ml, Theorem 1.9]). 

□ 

Now we turn our attention to Px'z/nZ r > d := dim(X) and the base scheme 
is as in Corollarv 19.21 In case r > d it is easily shown (see [JS21 Lemma 6.2]) that 
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P'x'LjnL isomorphism (the proof uses Theorem l9.ip . An interesting phenomenon 
emerges for p'xi/ni '^i^h r = d. Using Theorem I9.H one can show that there exits 
a long exact sequence (see |JS21 Lemma 6.2]): 

(9.6) KHq+2{X,Z/nZ) CR'^{X, q;Z/nZ) ^"^"^ Hlf-\X,'L/nZ{d)) 

d,q-l 

KHg+i{X,Z/nZ) CR'^{X,q- l;Z/nZ) ^"^"^ . . . 

where KH^,{—,'Ij/n'Z) is the Kato homology defined as ()0.4p . Hence Theorem 18.11 
implies the following: 

Theorem 9.3. Assume either of the following conditions: 

(i) X is regular and proper over either a finite field or a henselian discrete 

valuation ring with finite residue field and n is invertible on X . 
(ii) X is smooth projective over a finite field and q < 2. 
Then we have the isomorphism 

P%/nZ ■ CR'^iX, q;Z/nZ) ^ Hlf-\X,Z/nZ{d)). 

In particular CH'^(X, q; Z/nZ) is finite. 

The above theorem implies the following affirmative result on the finiteness con- 
jecture on motivic cohomology: 

Corollary 9.4. Let Z be a quasi-projective scheme over either a finite field or a 
henselian discrete valuation ring with finite residue field. Let n > be an integer 
invertible on Z. 

(1) CIi^{Z, q; Z/nZ) is finite for all r > dim(Z) and q >0. 

(2) Kl{Z, Z/nZ) is finite for i > dim(Z) - 2. 

Proof. (2) follows from (1) and ()9.ip . To show (1), we may assume n = i"^ for 
a prime i invertible on Z. We proceed by the induction on dim(Z). First we re- 
mark that the localization sequence ()9.5p implies that for a dense open subscheme 
V C Z, the finitenss of CH''(Z, (7; Z/nZ) for all r > dim(Z), is equivalent to that of 
CH^(y, q; Z/nZ). In particular we may suppose Z is integral. By Gabber's theorem 
( [1121 Theorem 1.3 and 1.4]), there exist such X as in Theorem 19. 3|. an open sub- 
scheme U of X, an open subscheme V of Z, and a finite etale morphism tt : U ^ V 
of degree prime to i. The assertion of the theorem holds for X by Theorem 19.31 and 
hence for U by the above remark. So it holds for y by a standard norm argument 
and hence for Z by the above remark. This completes the proof. □ 

10. Application to special values of zeta functions 



Let X be a smooth projective variety over a finite field F. We then consider the 
zeta function 



where N{x) is the cardinality of the residue field k{x) of x. The infinite product 
converges absolutely in the region {s G C | 5R(s) > dim(X)} and is known to be 
continued to the whole s-plane as a meromorphic function. Indeed the fumdamental 
results of Grothendieck and Deligne imply 



C{X,s)= n Pkiq 



0<i<2d 
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where Px{t) ^ ^-i^d for an integer r 

aX,rr := lim C(X, • (1 - ^^^'T^ 

is a rational number, where pr = — ords=rC(-^) ■s)- The problem is to express these 
values in terms of arithmetic invariants associated to X. It has been studied in 
|M2j (where etale cohomology is used) and in |Lilj and |M3j (where etale motivic 
complexes used) and in [Li2] , | Ge2j and |Ge3j (where Weil-etale cohomology is used) . 
As an application of Theorem 19.3^ we get the following new result on the problem. 

Theorem 10.1. Let X be a smooth projective variety over a finite field F. Let 
p = ch(F) and d = dim(X). 

(1) For all integers j , the torsion part H-'jy_j{X,'Ij{d))toTs of Hj^{X,Z{d)) is finite 
modulo the p -primary torsion subgroup. Moreover, iJ^(X, Z(d))tors is finite 
ifd<4. 

(2) We have the equality up to a power of p: 



. ,(-1)' 

tors 



(10.1) C(^,0)*= n 

0<j<2d 

The equality holds also for the p-part if d < 4. 

Remark 10.2. (1) Let X = Spec(0/^) where Ok is the ring of integers in a 
number field. The formula (jlO.ip should be compared with the formula 

which is obtained by rewriting the class number formula using motivic co- 
homology. Thus (jlO.ip may be viewed as a geometric analogue of the class 
number formula. Note that the regulator Rk does not appear in (jlO.ip since 
H-j^j{X,Z{d)) is (conjecturally) finite for j / 2d. 
(2) The case d = 2 of Theorem 110.11 is equivalent to [Kl Proposition 7.2]. This 
follows from the following isomorphism for a smooth surface X over a field: 

HifiX, Z(2)) ~ H\Xz^r, /C2) for j > 0, 
which is deduced from [B, Intro, (iv) and (x)] and [NSj . |To) . 
Proof. Put 

CB'^iX, i; Qe/Zi) = lim CH"'(X, i; Z/rZ), 

n 

HliX,qe/Zeid)) = lim Hl{X,Z/rZ{d)). 

n 

By Theorem 19.31 we have an isomorphism 

(10.2) CH'^(X,i;Q,/Z,) ~ Hl^-\X,q,/Z,{d)). 
By ()9.3p we have an exact sequence 

(10.3) ^ CH'^(X, i) ® Q^/Zi CH'^(X, i; Qi/Zi) CH'^(X, i - !){£} 0. 

Assuming i > 1, ~^(X, Q^/Z^ (d)) is finite by [CTSSi Theorem 2]. Thus (fTo:2]l 
and ()10.3p imply CH^(X, i) ^Qi/Zi = and we get an isomorphism of finite groups 

(10.4) CH'^(X,i - !){£} ~ Hl;'-\X,qe/Md))- 

In view of (j9.2p . this shows the first assertion (1). For the proof of (2), we use the 
formula 



ax,oy 



[Hl{X,Z)tors][Hl{X,ZUtor][HUX,Z)] • • • 

[Hl{X,Z)][Hl{X,Z)][Hl{X,Z)]-.. 
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due to Milne [Mil Theorem 0.4]. Here Hl{X, Z) = Z, Hl{X, Z) = 0, and H^^iX, Z) 
for j > 3 and the cotorsion part H?^{X,Z)cotoT of H?^^{X,Z) are finite. By the 
arithmetic Poincare duahty we have 

where ff!+^(X,Z^) = Um Z/^"Z) which is finite for i > 1. Thus (2) follows 

n 

from the following isomorphisms 

H^^iX, Z,) ~ H^^iX, Z)m for j > 3, 
Hl{X,Ze)^Hl{X,Z) 

cotor 

which can be easily shown by using the exact sequence of sheaves 

^ z z ^ z/rz ^ 0. 

□ 

11. Appendix: Galois cohomology with compact support 

In this section we recall Artin-Verdier duality, following [Kl Sec. 3], and we introduce 
Galois cohomology with compact support. In this section all sheaf cohomology 
groups will be with respect the the etale topology. For a scheme Z and an integer 
n > we denote by D^{Z,Z/nZ) the derived category of complexes of sheaves of 
Z/n- modules over Z with bounded constructible cohomology. 

We fix a finitely generated field K and an integer n > invertible in K. Note 
that we have 

£)^(K,Z/nZ) := D^(Spec(if),Z/nZ) = liin Z)^(y, Z/nZ), 

V 

where V runs over all integral schemes of finite type over Z with function field 
isomorphic to K. For C € D^{K,Z/nZ) and a G Z we endow the etale cohomology 
group H"'{K,C) with the discrete topology. 

Let V be an integral scheme of finite type over Z with function field K and 
let : Spec(iir) V he the canonical morphism. Take C G D^{K,Z/nZ) and 
choose a dense open subscheme U C V and Cjj G D^{U,Z/nZ) restricting to C G 
Dl{K,Z/nZ). Define 

(11.1) H-{V,jrC) = lim H'^{V,jy\Cu\u')) 

u'cu 

where U' runs through all dense open subschemes of U and j^' : U' ^ V is the 
canonical morphism. This inverse limit is independent of the choices we made and 
we endow it with the pro- finite topology of the inverse limit. 

Similarly we define Galois cohomology with compact support for C G D^{K,Z/nZ) 
as follows. Choose an integral scheme U of finite type over Z with function field K 
and choose Cu G D'^{U,Z/nZ) restricting to C. Now we set 

(11.2) H^{K, C) = lim H^iV, Cy), K{V, Cy) = i/"(Spec(Z), RffiCkj\v)) 

vcu 

where V runs through all dense open subschemes of U and : y — )• Z is the 
canonical morphism and the hat is as in [Kj Sec. 3]. Again this group does not 
depend on the choices made and it is endowed with the pro-finite topology of the 
inverse limit. 
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Assume that is a one-dimensional global field. Let Pk be the set of places of 
K and let for v G Pk be the henselization oi K at v. The next lemma relates 
Galois cohomology with compact support to the local-global map. 

Lemma 11.1. Fix an integer (7 > 0. Let C € D^{K,'Ij/n'Z) and assume that the 
cohomology sheaves W{C) vanish for i < q. Then there is a canonical isomorphism 
of finite groups 

v€Pk 

Proof. Let V be an integral scheme, separated and of finite type over Z with function 
field isomorphic to K. There is a long exact localization sequence 

• • • ^ H^iK, C) ^ H^{V,fC) ^ H\K,,C) ^ C) ^ ■ ■ ■ 

where is the set of places of K which do not correspond to closed points of V . 
Taking the direct limit over all V , the lemma follows from the following two claims 
which are consequences of cohomological vanishing theorems: 

Claim 11.2. (1) The map lim H'i+^{V, jf^ C) H'i+^{K,C) is surjective. 

V 

(2) IfVis affine and n is invertihle on V , we have isomorphisms: 
where P^ is the set of infinite places of K. 

□ 

Now we state a version of Artin-Verdier duality using Galois cohomology with 
compact support. We refer to (Kj Sec. 3] and |JSS[ Sec. 1.1] for more details. Let K 
be an arbitrary finitely generated field with n G . For C E D\{K,'L/n'L) we put 

= RHom{C,Z/n) G L>^(K,Z/nZ). 

For C € D^{K,Z,/n'Z), choose a connected regular scheme U of finite type over 
Z[l/Ti] and choose Cu € D\(\J ^7L j riE) restricting to C as in ()11.2p . Artin-Verdier 
duality says that for any V C U open there is a natural isomorphism of finite groups 

(11.3) }iom{H^{V,CvidK)),Z/n) = H'^'^'<+^-%V,C''), 

where dx = dim(y) (which is the Kronecker dimension of K). 

Taking the direct limit over all nonempty open V C U in (|11.3p we get: 

Theorem 11.3. There is a natural isomorphism 

Rom,,^t{H^{K,C{dK)),Z/n) ^ H^''^-+'-''{K,C''), 

where H^{K,C{dK)) = lim H^(y,Cv) is endowed with the pro-finite topology. 

vcu 

Combining Theorem 111.31 and the Poincare duality for X, we get: 

Corollary 11.4. Let X be a smooth variety of dimension d over K and vr : X — > 
Spec(-fr) he the canonical moprhism. Let K he a locally constant constructive sheaf 
of / riL-modules on X^f Then there is a natural isomorphism 

Hf+'^'^'i+^-''{K,R^^K'{d + dK)) = Hom(F^"(X, A),Z/nZ). 

Combining Lemma 111. II and Theorem 1 11. 3 1 we get: 
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Corollary 11.5. Assume that K is a one- dimensional global field K . Let X he 
a smooth affine connected variety of dimension d over K and C he a constructihle 
'L/n'L-sheaf on X^f Then there is a natural isomorphism of finite groups 

liom{H^{X,C'^),Z/nZ) ^ CokeT[H'^+^ {X , C {d + 1)) ^ H'^+^{XK,,C{d + l))]. 

vGPk 
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